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Countable set

Countable set
A set X is called countable (or denumerable) if

card (X) < card (N).

Example 1

In particular, finite sets are countable and for these sets it is convenient to
interpret card (X) as the number of elements in X:

card (X) = n <= card (X) = card ({1,2,...,n}).

Example 2

If X is countable but not finite, we say that X is countably infinite.
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Countable sets

Countable sets - example

The set N x N is countable, i.e. card (N x N) = card (N). Note that

(1,1)->(1,2)  (1,3)=(1,4) (1,5)

(21 )/( 2,2 )/(2 3)/(2,4) (2,5)

3,1)/(3, (33) (34) (3,5
yd

can be listed as a sequence
(1,1),(1,2),(2,1),(1,3),(2,2),(3,1),(1,4).(2,3),(3,2),(4,1),(5,1), (4, 2),.
establishing a bijection between N x N and N.
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Countable sets

Proposition

Proposition
@ If X and Y are countable, so is X x Y.
@ If Ais countable and X, is countable for all & € A, then

U X, 1s countable.
a€EA

@ If X is countably infinite then card (X) = card (N).

Proof of (a). To prove (a) it suffices to show that
card (N x N) = card (N), but it was shown in the previous example.

Proof of (b). For each a € A there is a surjection f, : N — X, (here we
have used the axiom of choice).
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Proof of Proposition 1/2

Then the map f : N x N — (4 Xo defined by

f(n,a) = fo(n)

is surjective and we are done. Alternatively, to prove

card U Xo | < card (N),
acA
we can also proceed as follows
X1 = {x1,1,X12,X1,3, X1,4 - - -}
Xo = {x21,X22,X23,X2,4, - - -}

X3 ={x31,X32,X33,X34,...}

U Xj = {x1,1,X1,2,X0,1, X1,3,X2,2, X3.1, - - - }.
jeN
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Proof of Proposition 2/2

Proof of (c). We can assume that X is an infinite subset of N.

Let f(1) be the smallest element of X and define inductively

F(n) = min {X\ {F(1), F(2),..., F(n—1)}}.

Then it can be easily verified that f is a bijection from N to X. 0J
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Countable sets

Corollaries

Corollary

Z and Q are countable.

Proof.
Z=NU{0}uU{—n : neN},

@ Note that

m
neN
@ Note also that

card (Q) = card (N) = card (NU {0}) = card (Z).
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Countable sets

Countable sets - example

Example
Prove that the following set is countable

X ={(n,m,k) : n,m k € N}.

Solution. Fix kK € N. It is clear that
f(n,m) = (n, m, k)

is a bijection between N x N and Ay = {(n,m, k) : n,m € N}, so A is
countable. Then we write
X =] A

keN

and use the previous theorem. []
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Countable sets

Countable sets - example

Example
Prove that the set Q x Q is countable. J

Solution. Fix g € Q. It is easy to check that f(x) = (x, q) is bijection
between Q and Ay = {(r,q) : r € Q}. Hence Aq is countable. We write

QxQ=[JA,

qeQ

and use the previous theorem. O
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Countable sets

Proposition

Proposition

{0, 1} is uncountable.

Proof. Suppose that the set {0, 1}"0 is countable, then

{0, 1}N° ={ap,a1,00,...}.

QQ
aq

Qap

consider a new sequence A :

Then A # «, for all n € Ny,

contradiction.

No — {0,1} defined by A(n) =1 — a,(n).
thus A & {a, : ne€ Ng}, but A € {0,1}o,
L]
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Cardinality continuum

Cardinality continuum

Cardinality continuum

A set X is said to have cardinality continuum if
card (X) = card (R).

We shall write card (X) = ¢ iff card (X) = card (R).

Theorem

card (P(N)) = card ({0, 1}) = card (R).
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Proof of card (P(N)) = card ({0,1}"): 1/2
We first show that

card (P(N)) = card ({0, 1}).
Define F : P(N) — {0, 1} by setting

F(A) = xa € {0,1}",

(x) lif x € A
X) =
XA 0if x & A,

Example

If A=1{1,2,3,5,7,9}, then xa can be identified with the sequence

(1,1,1,0,1,0,1,0,1,0,0,.)
R i s T
1 2 3 4 5 6 7 8 9 10 11
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Proof of card (P(N)) = card ({0, 1}Y): 2/2

Our aim is to show that F is a bijection.

o Let A,B C N be such that A # B, then we show that F(A) # F(B).
Since A # B (wlog) there exists xp € A\ B, thus

1=xalx0) # xa(x0) =0 <= F(A)# F(B),
which proves that F : P(N) — {0, 1} is injective.
o To show that F is surjective take o = (avn)nen € {0, 1} and consider
E={neN: a,=1}

then
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Proof of card (P(N)) = card (R): 1/4
It remains to prove that

card (P(N)) = card (R).
We first show that card (P(N)) < card (R).

Definition

We will use the convention that

Zan:sup{Zan c: FCAand Fis finite}.

neA neF

We now construct an injection f : P(Ng) — R by setting

2
f(A) = ZW forany A C Np.

neA

|
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Proof of card (P(N)) = card (R): 2/4

First we have to show that f is well defined, i.e. f(A) is finite for every
A C Np. Since f(A) < f(Np) for all A C Ny it suffices to show that

f(No) is finite. J

Let [N] = {0,1,2,..., N} and observe that f(No) = suppen, F([V]).
Moreover, one has

2 21—y 1
fIN)= > e =371 =l gwa =t
ne[N] 3

Geometric sequence

Here we have used the formula 1+ x +x2 + ... + xN = 222" \hich

1-x
holds for all |x| < 1.
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Proof of card (P(N)) = card (R): 3/4

In fact, one can prove that f(Np) = 1 (check this!). Now we show that
f: P(Ng) — R is injective. Let A, B C N be such that A # B. Let

ng = min{n € No: xa(n) # xs(n)}.

Wilog we can assume ng € B\ A. Then

2 2 2
f(A) = Z 3n+1 = Z 3n+1 + Z 3n+1
neA neA neA
n<ng n>ng
2 2
< Z 3n+1 + Z 3n+1
neB né&(ng,00)
n<ng
2 2
<2 31 T 3mr1 = F(B):
neB
n<ng
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Proof of card (P(N)) = card (R): 4/4
e We have used f((ng, 00) NNp) = 3%% < 3"0% (check this!).
Hence f(A) # f(B) as desired, yielding card (P(Np)) < card (R).

e Since card (Np) = card (Q) thus card (P(Np)) = card (P(Q)). Now
define g : R — P(Q) by

gix)={reQ:r<x} forany xeR.
It is easy to see that g is injective, thus

card (R) < card (P(Q)) = card (P(Np)).
By the Cantor—Bernstein—Schroder theorem

card (R) = card (P(Ng)) = card ({0,1}Y). [
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Cardinality continuum

Remarks

@ If card (X) > ¢, then X is uncountable.

@ card (R x R) = card (R).

@ card ({0,1}Mo x {0, 1}No) = card ({0, 1}o).

@ card (R¥) = card (R) for any k € N.

@ If card (X) < cand card (Y) <, then card (X x Y) <.
@ |If card (A) < ¢ and card (X,) < ¢ for any a € A, then

card (U Xa> <«

acA
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Cardinality continuum

Uncountable sets - example

Example
Prove that card (R) = card ([0, 1]). J

Solution. Define f : R — [0, 1] by

X
F(x) = .
One can verify that f is a bijection between R and [0, 1]. O
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Cardinality continuum

Uncountable sets - example

Example
Determine card (X), where X is

{[n,n+1) : ne N}

Solution. We will prove that card (X) = card (N). Let us define the

function
f([n,n+1)) =n.

It is easy to verify that f is bijection between N and X. Ol
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Cardinality continuum

Uncountable sets - example

Example
Determine card (X), where X is any infinite set of pairwise disjoint closed
intervals.

Solution. We will prove that X is countably infinite. Let us define the
function f : X — Q by setting

(1) = q,
where g is any rational number contained in interval | € X. Then f is
injective, so card (X) < card (N). O
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