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Tools

Theorem (Squeeze Theorem)

Let (xn)nens (Vn)neN, (Zn)nen € R be sequences such that x, < y, < z, for
all n € N. Iflimp_00 X = im0 zp = L € R, then limp_ oo yp = L.

Corollary (Monotone convergence theorem (MCT))

Every bounded and monotonic sequence in R converges to some x € R.

Binomial theorem
For every n € N and x,y € R one has

=3 ()it whee (1) ="

k=0

and nl=1-2-3-...-n,foralln€Nand 0l =1.

(x +y)® = x° + 5x*y + 10x3y? + 10x2y3 + 5xy* + y°.
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More about sequences

Theorem

Theorem
@ If p>0, then lim,_,o & = 0.
If p> 0, then lim, oo y/p=1

If p>0and a€R, then lim,_ o =0.

_n%
(T+p)"

©6 e e e©

If [x| < 1, then lim,_ 00 x" = 0.

Proof of (a): Take ¢ > 0 be arbitrary, but fixed. Then

1\ /P
n> () |
€

which is possible by the Archimedian property.
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Proof of (b):

Proof of (b): If p > 1 set x, = y/p — 1, then x, > 0 and by Bernoulli’s
inequality
14 nx, < (14 x,)" = p,

so that
-1
0< x, < i
n
But 1
im P—= —o,
n—oco N

thus by the squeeze theorem we conclude

lim x, =0
n—oo

as desired.
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Proof of (c):

Proof of (c): Set x, = ¢/n— 1. Then x, > 0 and by the binomial

theorem .
n n(n—
n=(1+x,)"> <2> x2 = (2)x3

1/2
) for n>2.
n—1

5 \1/2
li =0.
n|—>n;o (n—]_) 0

Thus by the squeeze theorem

Hence
0<x, < <

But

lim x, =0
n—o0

as desired. m
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Proof of (d) and (e):

Proof of (d): Let k € N so that kK > . For n > 2k by the binomial
theorem

N n\ , n(n=1)...(n—k+1) , _ nkpk
(1+p) ><k>p - K P> okkr

sincen>g,n—1>73,...,n—k+12> 7. Hence
o 2k k!
0< ! < kno‘*k for n>2k.
(L+p)"

Since v — k < 0 thus lim,_,o n®~k =0 by (a) and by the squeeze

theorem lim,_ W =0. O

Proof of (e): Take @ =0 in (d) and observe that if 0 < x < 1 then the

sequence x, = x" is decreasing and bounded. Thus lim,_ . x, = 0. O

(MATH 411H, FALL 2025) Lecture 7 September 25, 2025 6/36



More about sequences

Proposition

Proposition

If a> 0 and |lim X, = Xo, then lim a’n = g%,
n—o0 Xn 0, n—oo

Proof. It suffices to prove that lim, o @ = 1 if lim,_,o x, = 0.
Assume a > 1. By the previous theorem we know that

lim a/" = lim a Y7 =1.
n—oo n—oo

Thus for any € > 0 there is M. € N such that for any m > M,
l—e<a/mc/moiqe.
Now since lim,_o x, = 0 we find Np, . € N so that for n > N ,

1 1 1
Ixp| < = <= —= <xp < —.
m m m
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Proof of Proposition

Thus

l—ec<a VMo <gl/mo14e

which proves |2 — 1| < ¢ for any n > Np, . proving that

lim a* = 1.
n—o0
If 0 < a <1 we note that
lim & = lim ——~
n—o00 n—o00 (l)x”
a
and this completes the proof of the proposition. O
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Geometric Mean vs Arithmetic Mean

Geometric and arithmetic means

Let a1,a2,...,a, > 0 be given.
Arithmetic mean
We define arithmetic mean of a;, as,...,a, by
ait+ax+...+ap
A, = .
n V.
Geometric mean
We define geometric mean of a;, a,...,a, by
G,=+/ai-a>-...-ap.
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Geometric Mean vs Arithmetic Mean

Geometric Mean vs Arithmetic Mean

Theorem

For any n € N we have

G, <A,

Proof. For n = 2 observe that

(a—b)>>0,
since ) )

a b
a®—2ab+b*>0 <= ab< ;
Taking a = /a; and b = ,/a; we obtain
2 2
\/a + (v/2a
Azzalz‘”:( 1) 2( 2) > \/a1a; = G
Lecture 7 September 25, 2025 10/36



Geometric Mean vs Arithmetic Mean

Cases n = 4 and n = 8 suggest induction

Case n = 4. Note that
aatataztas 1 (81—1-32 . 33—|—a4>

Ae = 4 2\ 2 2
1/2
> ((3192)1/2 (3334)1/2> = (a1323321)/* = G,

Ax>Gp

Case n = 8. Let us use Ay > G4 and Ay > Gy to prove Ag > Gg.
a+ ...+ ag _1<al+...+a4+a5+...—|—ag>

Ag =
8 8 2 4 4
o (attaast.. ta 1/2
< 4 4
Ax>Go
> ((31 34)1/4 (35 38)1/4> 1/2 _ (al 38)1/8 — GS
Ay>Gy
September 25, 2025 11/36
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Geometric Mean vs Arithmetic Mean

Claim and base step

We first use induction to prove

Aon > Gon

for all n € N.

Base step. For n = 2 the inequality is true as

A2 = # > (3132)1/2 = G2.
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Geometric Mean vs Arithmetic Mean

Inductive step

Let P(n) be the statement that Az» > Gun holds for some n € N.

Inductive step. Now we prove that P(n) = P(n+ 1). Indeed,

A _al+...—|—a2n+1_1 ar+ ...+ aon a1+ ...+ axn
ontl = ol = 5 n + >
L (At tamaiat ..+ ap 1/2
~~ 2n 2n
Ar>Gp
n N 1/2
> ((31 c. azn)l/z (32n+1 . 32n+1)1/2 )
Agn>Gon
= (a]_ P 32n+1)1/2n+1 = G2n+l.
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Proof of GM vs AM inequality

Now we have to show that

An Z Gn
for all n € N.

We first observe that the following downwards induction holds.

Let Q(n) be the statement that

An 2 Gp
holds for some n € N. Then

Q(n—1)

is also true.

This will follow from the so-called bootstrap phenomenon.
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Bootstrap phenomenon

Note that (by A, > G, with a1, a2,...,8n-1,3n = An—1) One has

a1+ ...+ap-1+ An_1

n 2(31'...~a,,,1-A,,,1)1/".
But
a+...+an-1+ A1 _ (n - 1)An_1 + An_1 A

n n n—1-
Thus we have shown
Bootstrapping inequality

1
A,,,l > (al ~...-an,1)l/nAn/_n1. J

Hence - .
AT > (ar e ) = GO

thus Ap—1 > Gp—1, which means that Q(n — 1) holds.
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Geometric Mean vs Arithmetic Mean

Geometric Mean vs Arithmetic Mean: 1/2

Now we can show that
Claim (*)
A, > G, forall neN.

Proof. We know:
Q@ A" > Gom for all m e N,
@ if Ax > Gk holds for some k € N, then also holds for kK — 1, i.e.
Ai_1 > Gi_1 is true.
Concluding, we can easily prove Claim (*). Fix n € N and choose the

smallest m € N so that
2m=l < p<om.

By (1) we know Axm > Gom holds.
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Geometric Mean vs Arithmetic Mean: 2/2

Claim (*)

A, > G, forall neN.

By (2) with k = 2™ we deduce
Aom > Gopm  implies  Apm_1 > Gom_1.
Repeating
Aom_1 > Gpm_1  implies  Am_ > Gom_».
We now apply (2) as many times until we reach A, > G, and the proof is

finally completed. O
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Means

Let a1,ap,...,a, > 0 be given. We have the following means.

Arithmetic mean

Geometric mean

Harmonic mean

Quadratic mean
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Mean inequalities

Theorem

Theorem
For all n € N and ay, ay, ..

-,an)SHnS GnSAnS Qngmax(ala---aan)-

.,an > 0 we have

min(ay, . .

Proof. We will proceed in several steps.
@ We have proved that A, > G,.
@ To prove H, < G, we apply A, > G, with

1 1 1
PP EREE
We obtain
1 1 1
G-1l— 1 1 1/n<5’71—i_"”j—'—”'—i_aﬁ":H—3l
n ag a  ap n n
thus H, < G,,.

September 25, 2025 19/36
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Proof: 1/2

@ To prove inequality A, < @, consider the relation

(a1 +ap+...+an)’=at+a3+...+a
+2(a1a1 + @133 + ... + a1an)
+ 2(azaz + azas + ... + azap)
+ ...+ 2(ap—2an-1 + an—2an) + 2ap_1an.
Since 2a;a; < a? + aj?, thus
(a1 +...4+an)? <n(a+...+a2).
Hence

1/2
a1+ an < (3 +. . +ad) ',

and consequently A, < Q.
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Proof: 2/2

o Finally wlog suppose that

O<ag<a<...<a,

then a; = min(ay, ..., a,), and a, = max(ai,...,a,). Hence
a
H, = >n— =2a
1 1 I )
ot T
and
2 2\ 1/2 2\ 1/2
Qn_(a1+...+an> < (nan) o
n n
The proof is completed. O
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AM-GM inequality - example

Example

Prove that for any x,y,z > 0 we have

2 2 2
Y
yz Xz Xy
Solution. Consider the numbers S Then

yz' xz' Xy "

XXy, 2
E+XZ+X}/
Ag= L2 X

3 9

2 2 2
3X .y Zz _1
J— - —_ ,

Gs = A —
Yz xz Xy

so our inequality is a consequence of Az > Gs.
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AM-GM inequality - example

Example
If the product of n positive real numbers is 1, then their sum is at least n.J

Solution. Let a1,...,a, > 0 be the numbers such that

G,=/a---a,=1,

so by A, > G,
ai+...+an>nG,=n.
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Bernoulli inequality: 1/2

Bernoulli inequality

If x > —1 and n € N, then one has

(1+x)">1+ nx.

Proof. We will use A, > G, with

aa=a=...=a,.1=1 and a,=1+ nx.
Indeed,
n—1 times
+...+ I+... +1+1+ (1+x)
A,,:al o tan nx _n x:1+x‘
n n
Lecture 7
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Bernoulli inequality: 2/2

On the other hand

n—1 times 1/n
—
1+x)=A,>G,=[1-1-...-1-(1+ nx) = (14 nx)V/",
which implies
(1+x)">1+ nx,
and we are done. O
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Bernoulli inequality

Bernoulli inequality: generalization

Our aim will be to built tools and generalize Bernoulli's inequality. We
show that the following is true.

Bernoulli inequality - generalization
If -1 <x#0anda>1ora<0, then

(1+x)?>1+ ax.

If -1 <x#0and0< a<1,then

(1+x)? <1+ ax.
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Cauchy—-Schwarz inequality
Cauchy—Schwarz inequality

For any real numbers ay,...,a, and by, ..., b, one has

2

n n n
Doab | <& (D8
=1 =1 =1

Proof. Consider the polynomial

0 < (arx + b1)* + (a2x + b2)* + ...+ (anx + bn)* =
(a2 + ...+ a2)x® +2(arhy + agby + ... + apbn)x + (b 4 ... + b2).

Since the polynomial is nonnegative

A=4arhy +...+apb))? —4(a3+...+a2) (b3 +...+b2) <0

and we are done.

L]
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Cauchy-Schwarz inequality

Minkowski's inequality: 1/3

Minkowski's inequality

For any real numbers ay,...,a, and by, ..., b, one has

1/2 1/2 1/2

n n n
> laj+ b <Dl + D IbP
j=1 j=1 j=1

Proof. Let
1/2
n
_ ) 12
Sn= E |laj + bJ’
j=t
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Minkowski's inequality: 2/3
Then

n n
Se=> laj+bil>=>_laj + bjllaj + byl
j=1 j=1

n n
<Y laj+ byllajl + D laj + billbjl.
j=1 j=1

By the Cauchy—Schwarz inequality,

§2 <

1/2 1/2 1/2 1/2
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Minkowski's inequality: 3/3

1/2 1/2

n n
=S | [ Do 1a?]  + DI
=i =

Thus we have proved a bootstrap inequality, i.e.

1/2 1/2

n n
SS<S | [ D13l + D IbP
j=1 j=1

Hence
1/2 1/2

n n
Sa< D P |+ D] Il
= =

U
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Weighted arithmetic and geometric means

Theorem
For all positive real numbers a1, ap, ..., a, and all positive weights
g1, 2, - - ., qp satisfying the following convexity condition
git+...+qn=1,
we have
ai’l-...-ag" < qia1+ ...+ qgpan.
Ifq1:q2:...:q,,:%, then we have
a+...+a
a‘lh-...-ag":(a1~...-an)1/"§ = T — qia1+ ... + gpan,

n

which recovers the inequality between geometric and arithmetic means.

v
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Proof: 1/2
Proof: We first assume

Chw--aCInE@ and q17"')qn>0‘

We can assume that q;:%forlgig n and
ki+...+ k,=m.

Invoking the inequality between geometric and arithmetic means we obtain

n

a a
E q;a;:k1—1+...+kn—”
i=1 m m

al kl an kn 1/m
()" (2)
m m
k kn
:all/m-...-a,,/m
_ 31
=aj' -...-al.
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Proof: 2/2

If now all weights q1,..., g, > 0 are real numbers, then for any 1 < < n,
we choose a sequence of positive rationals (gj «)ken so that

lim gix = qi
k—o00
and so that

qu',k =1 forall keN.

Then by the previous part

Gik 2
a;’" o oca < qukai+ ...+ Gokan

Passing with k — oo we conclude that

aj' ... al" < qrai + ...+ gpan.

Here we used the following fact: if a > 0 and lim,_s X, = X, then
lim, . @ = a™. L]
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Holder's inequality

Holder's inequality

Let 1 < p,q < oo be such that % + % = 1. Then for any real numbers
X1,...,Xp and y1,...,y, one has

" T NP IS\
> bl < (D bol?) (Do le)
j=1 j=1 j=1

Proof. By the previous theorem for any aj, by > 0 we have

11 1
ay by < —a1 + —by,
p q
which for a; = aP and b; = b9 yields
(*)
1 1
ab < —aP 4 = p9.

P q
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Proof of Holder's inequality 1/2

Let

X o lyjl

aj 1= . s )j = .
(S0, IxglP) /P (S, ly;la) e

\XJ!” 7|
-3 (s
pIy 1 Ixi[P) q(Zj:l lyjl9

_;ijllle 14l 1 1
S

a PZJ’?:l |xj|P QZle lyjl9 P
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Proof of Holder's inequality 2/2

Thus we have proved
n

Z ajb; <1,

Jj=1

which is equivalent to

iwyjr < (il@l”)”"(Xn]mq)”q

j=1 j=1 Jj=1
and the proof of Holder's inequality is completed. O
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