Lecture 9

Infinite series and their properties

MATH 411H, FALL 2025

October 2, 2025
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Series

Definition
We say that the series Y ° ; a, converges to A € R and write
> 1 an = A if the associated sequence of its partial sums

n
sn:Zak:al—i—...—i—anmA.
k=1

If (sn)nen diverges the series "7 | a, is said to diverge.

Remark
@ Saying that the series "> a, converges we understand that
D %21 ak| < oo
@ Saying that the series )77 ; a, diverges we understand that
2 k=1 ak| = oo
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-
Example

Exercise

If 0 < x <1, then ZZOZO x" = ﬁ If x > 1, the series diverges.

Solution. If x < 1, then

n n+1

and the result follows if we let n — oo.

For x > 1 note that
1+14...+1<s,.
—_—
n

We have lim,_ o n = 4+00, thus lim,_s sp = +00.
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-
Example

Exercise
=1
n=1

Solution. Because the terms in the sum are all positive the sequence

1
sn:E 2 is increasing.
k=1

We now show that (s,)necn is bounded.

@ The (MCT) will prove that the series converges.
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Series

Solution

To prove boundedness of (s,)pen We note that

1+ ! + ! - ! +...+ !
Sp = —_—
" 2.2 3.3 4-4 n-n
<1+ ! + = ! +...+ !
1-2 23 34 " (n=1)n
14 (s 1 N 11 N 1 1 P 1 1
N 2 2 3 3 4 n—1 n
1
=2--<2
n

Thus the limit lim,_, s, exists.

2 . ,
@ One can also prove that ) 7 ; % = % . This is also Euler's result. J
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Series

An example of a diverging series

Harmonic series

1
D =00
n=1

Solution. Note that

UL (VL IV (UL U I (- VY (A
2'\3 4 56 7 8 9" """ 16 17

1 .1 1 1 1
>1 2.3 +4 S8 16 o+
T2 A B T I6
—1+1+1+1+1+1+ —1+ lim 2=
BRI I I R R U B
Thus s, = >0 1 % 7= 00 O
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-
Cauchy Condensation Test

Cauchy Condensation Test

Suppose that (bp)nen is decreasing and b, > 0 for all n € N. Then the
series

o
Z b, < oo  converges
n=1
iff the series

o
Z 2"bn < 00 converges.
n=1

Proof. Let
Sh=bi1+by+ ...+ b,
tk:b1+2b2+...+2kb2k.
P
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Proof: 1/2

For n < 2¥ one has

2 2k
——
Sp<bi+by+bs+...+ bk + ...+ byrr1_4
§b1—|—2b2+...+2kb2k:tk.

(*)
so that s, < t for n < 2k.
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Proof: 2/2

If n > 2k one has

Sp> b1+ by + (b3 +bs) + ...+ (bok—1,1 + ... + by)

1 1

(**)

Thus 2s, > t; for n > 2k, J

e By (*) and (**) the sequences (sp)nen and (tx)ken are either both
bounded or both unbounded. O
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Corollary
Corollary
The series -
1
Y <o iff p>1
nP
n=1

Proof. The sequence b, = n—lp is decreasing and b, > 0 for all n € N. By

the Cauchy condensation test we obtain

1

Y <o = Zﬁ<oo.

nP
n=1

But the latter converges provided that

ngn Zzu p)n_ <o

n=1 2"*1
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Euler’s number revised

Series representation of Euler's number

Theorem

o0

1
ZEZG.

n=0

Proof. Let s, = > }_o & Then
Q s, < spyi1 forall neN,

Q@ 5= oh=1+1+ 00k <2+ ,p5tr <3
Thus the limit lim,_, S, exists.

Let t, = (1 + %)n then lim,_ o t, = e. By the binomial theorem

ty = <1+i)n:i<2)nlk

k=0

(MATH 411H, FALL 2025) Lecture 9 October 2, 2025

11/29



Euler’s number revised

Proof: 1/2
Then
1\" = /n\1
w=(1+3) =2 ()=
" n(n—1)---(n—k+1) 1
- k! nk
k=0

Thus

e= lim t, < lim s,.
n—o0 n—o0
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Proof: 2/2

Next if n > m

1 1 1 1 2 -1
th>1+1+— (1= )+ +—=(1-2)(1-2). (1= .
21 n m! n n n

Let n — oo keeping m fixed, we get

1
e= lim t, > E —.
n—00 k!
k=0
Letting m — oo we see limpy_o0 Sm < €.
: . o= 1
lim s, = lim E — —e.
m—o00 m—o0 — k!

This completes the proof of the theorem.
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Euler’s number revised

Remark

We have s, = > _o & < e for all n € N. Indeed

1
e = Z kl (n+1) T T

k=n+1

1 1 1
T (n+ 1) <1+n+2+(n+2)(n+3)+”')

1 1 1
1
<(n—|—1)!( ity T )
1 1 1 o+l 1

< = .
_(n+1)'1—ﬁ (n+1)! n n'n

Hence we conclude

The error estimate (*)

1
O<e—s, < —.
nln
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Euler’s number revised

Euler's number e is irrational

Theorem

The Euler number e is irrational.

Proof. Suppose e is rational. Then e = g where p, g € N. By (*) we have

1
0<qglle—sq) < —.
q
By our assumption

gle e N s an integer.
Since

2!
we see gl(e — sq) € N, but if g > 1 and this is impossible since

1 1
qlsq = q! <1+1++...+) eN,
q!

0<qgl(e—sq) <1l/g< 1l
Hence e must be irrational.
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Algebraic limit theorem for series

Algebraic limit theorem for series
If Y %cqak =Aand > ;7 by = B then

o0

> (cak + Bbe) = oA+ BB.

k=1

Proof. Let A, = ,_; ax and B, = >, _; bx. We know that
lim A,= A, and lim B, = B,

n—o0 n—o0
so
n n n
Jim > (car + Bbi) = lim da+8) b
k=1 k=1 k=1
=« lim A, + 8 lim B, =aA+ (B. O
n—o0 n—oo
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Properties of series

Cauchy Criterion for Series

Theorem

The series 72 ; ax converges iff for every € > 0 there is N € N such that
whenever n > m > N. it follows

n

Z ag| < e.

k=m+1

Proof. Let s, = Y }_; ax and we show that (s,)nen is a Cauchy
sequence. Observe that whenever n > m > N, then

n

lsn_sm‘: Z ag| < €.

k=m+1
We now apply the Cauchy Criterion for sequences and we are done. [
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Theorem

Theorem

If the series Zle ax converges then lim,_ ., a, = 0. J

Proof. Let £ > 0 be given. Apply the previous theorem with m = n — 1,
then

lan| = |sn — sn—1] < &
whenever n > N, and we are done. ]
Remark
But limp_ an = 0 does not imply |>"77 ; ax| < oc.

o Consider a, =1 -5 0, but >0°; 1 =00

n
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Example

Exercise

Determine if the series

diverges or converges.

Solution. Since (n3),e is a subsequence of (n),cn we have

3

1 n
lim (1-— =] =et,
n—o0 n3

2 2
hence lim,_ oo (1 — %)n =1, and the limit lim,_ o (—1)" (1 — ,713)'7 does
not exist, so the series diverges. O
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Properties of series

Comparison test

Comparison test

Assume that sequences (ax)ken and (bk)ken satisfy

0<ar<b, forall keN.

@ If >"77, bk converges, then Y77, a) converges.
@ If Y°77, ak diverges then > 77 by diverges.

Proof. Both statements follows from the Cauchy Criterion for series:

n

Zak§ Zbk.

k=m-+1 k=m+1
This completes the proof. O
Lecture 9 October 2, 2025 20/29




Properties of series

Example

Exercise

Determine if the series
x

1
Zn2+ﬁ+15

n=1

diverges or converges.

Solution. For all n € N we have

1 <1 thus
_— < = u
n?++/n+15 =~ n?’
PRERES
n> ’
n=1
hence
> 1
—— < 0. ]
§n2+ﬁ+15 >
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Properties of series

Example

Exercise

Determine if the series

Zf+f+1

diverges or converges.

Solution. For all n € N we have
1 1

> , thus
vn++/n+1 7 3yn
o
3 1 _
n=1 ﬁ
hence
1
P
o Vn++/n+1
Lecture 9 October 2, 2025
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Theorem

Theorem

A series of nonnegative terms a, > 0 converges iff its partial sums form a
bounded sequence.

Proof. If 77, ax < 0o one sees that

N 0
SNZZakSM:Zak<OO.
k=1 k=1

Conversely, we also know that sy < sy41 < M for all N € N. Then the
limit

lim sy
N—o0

exists by the (MCT). O
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Root test

Root test

Given > 72, a, set

a = limsup v/|ap|.

n—oo
@ If a <1, then 22021 an converges.
@ If a>1, then > 2, a, diverges.

@ If a =1, noinformation.

Proof. If « < 1 we can choose 3 so that & < 8 < 1 and the integer
N € N so that

Vl0an| < B forall n>N,

a= Iinf sup v/ |an| < B.

>1 n>k

since

(MATH 411H, FALL 2025) Lecture 9 October 2, 2025 24 /29



Proof

@ For n > N we have |ay| < 8", but 8 < 1, thus Y 72, 8" converges
and the comparision test implies that >~ 7 ; a, converges as well.

o If & > 1 then there is (nk)ken so that

1/n a.

|ank ’ k—00

Hence |ap| > 1 holds for infinitely many values of n € N, so that the
condition a, ==z 0 necessary for convergence Y °° | a, does not hold.

@ To prove (c) note that

=1
Z;:oo and  V/n iz 1.
n=1

0o 1 )
Z—z and mml.

This completes the proof.
Lecture 9 October 2, 2025
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Root and ratio test

Examples
Example 1
[e.e] e\n
> () <o
n=1 n
since
. €en e
il kel
Example 2
> on <%
n=1
since

ol N2 1
on 18 o
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Ratio test

Ratio test
. 00
The series > ° an

an+1
dan

@ converges if limsup,_,

<1,

@ diverges if

an+41
an

> 1 for all n > ng for some fixed ng € N.

Proof. If (a) holds we can find 5 < 1 and n € N such that

dn+1
dn

<p forall n>N.
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Proof

@ In particular, for p € N, one has

|an+pl
|antp-1]
< Blanyp-1]
< Bapspal <...<
< [BPlap|.

|an+p| = |an+p-1]

e Thus |anyp| < BPlan| and
lan| < |an|B3~NB™  forall n>N.

@ The claim follows from the comparison test since >~ ; 3" < o
whenever 8 < 1.

o If |ap+1| > |an| for n > ng then a, ;55 0 does not hold.
Lecture 9 October 2, 2025
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Root and ratio test

Remark and example

Remark

As before lim,_,oc 222 = 1 is useless:
n

Z]. d an+1 n 1
- =00 an =

“n an n+1 7%
n—=

=1 a n 2
n+1
,}1”2 < oo and 0 <n+1> s L

Example

| .
Yoo o5 < 00, since

a1 (n+1) " (n+1)n" [ n \" }<1
an (el T (n41)rH T \np1) " '

v
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