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Product measures

Measurable rectangles

Let (X, M, ) and (Y, N, v) be measure spaces. Our aim is to construct
a measure on M ® N that will be the product of y and v.

Measurable rectangle
A measurable rectangle is the set of the form

AXxBeMxN={AxB:AeM, BeN}.

Remark

The collection A of finite disjoint unions of rectangles from M x N is an
algebra, since M x N is a semi-algebra, namely

(Ax BYN(ENF)=(ANE)x (BNF),
(Ax B) = (X x BS)U (A x B).

Of course, M QN = o(A) =o(M xN), but MON # M x N.
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Product measures

Observation 1

Suppose A x B € M x N is a rectangle that is a (finite or countable)
disjoint union of rectangles A; x Bj € M x N. Then for (x,y) € X x Y

La(x)1e(y) = Laxs(( = anp((x,y) =D 1a(x)1g(y)

jeN JjeN

If we integrate with respect to x € X and use the (MCT), then

(A LB(y) = /X L4001 5(y)du(x)
= Z/XL\,-(X) y)du(x) = > u(A;

(MCT) jeN

JEN

If we integrate with respect to y € Y and use the (MCT) again, then

= Z 1(Aj)v(B))
JEN
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Product measures

From countably subadditive set functions to premeasures

Theorem (From countably subadditive set functions to premeasures)

Let p: & — [0,00] be a set function on a semi-algebra £ of subsets of a
set X and p(0) = 0. Suppose that p is finitely additive on £ and let A be
the algebra that consists of all finite disjoint unions of members of £.
Define a set function pg on A by setting

po(A) = Z p(E;)

forA:UJ'-'ZlEJ-EA, where Ey,....,E, € Eand EENEj =0 if i # .
@ Then pg is a well-defined additive set function on A such that
po(?) =0 and pg = p on &.

@ If additionally p is countably subadditive on £ then g is a
premeasure on A.
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Product measures

Observation 2

o If .
E=|JAxBecA
j=1
is the disjoint union of rectangles A; x By,...,A, X B, € M x N
and we set

w(E) =Y u(A)v(B))
j=1

with the usual convention that 0- 0o = 0, then 7 is well defined on A.

@ Moreover, 7 is a premeasure on A, since by Observation 1, it is
countably additive on M x N.
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Product of two measures
Since 7 is the premeasure on A, by the Caratheodory extension theorem, 7

generates an outer measure on X x Y whose extension to M x N is a
measure that extends 7.

Definition (Product measure)

We call this measure the product of 1 and v and denote it by u X v.

Remark
o If i and v are o-finite, then also u x v is o-finite.

@ In this case, pu x v is the unique measure on M ® N such that

px v(Ax B) = u(A)(B)

for all rectangles A x B € M x N.
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Product measures

Product of finitely many measures

@ Suppose that (Xj, M}, 11j) are measurable spaces 1 < j < n. If we
define a rectangle to be a set of the form

n
Arx.. xAp e [[ My ={A1x.. . x Ay AL e My, ... Ay € My},
Jj=1
then the collection A of finite disjoint unions of rectangles from
[1}-, M; is an algebra.
@ This algebra gives rise to the canonical premeasure as in the case of
two factors, which produces a product measure
M1 X...Xpup, on Mi®...0 M,

such that

n

M1 X ... X,LL,,(Al X ... X An) :Hﬂj(Aj),
j=1

n
forany Ay x ... x A, € Hj:le-
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Remarks

Remarks

o If the u;'s are o-finite so that the extension from A to ®J'-’:1 M is
uniquely determined by the Caratheodory extension theorem.

@ Moreover, the obvious associativity holds. For example, if we identify
X1 X Xo x X3 with (Xl X XQ) X X3

we have M; ® M @ M3 = (M1 ® M3) ® M3, where

o Mj ® My ® M3z =o(My x My x Mz) and
o (M1 ® M) ® Mz =a(N x Ms), with N' = M; @ M,,

and we also have

p1 X p X piz = (1 X pi2) X p3,

since they agree on the sets of the form A; x Ay x A3 and hence in
general by the uniqueness.
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Product measures

Sections

Definition (Sections)

Let (X, M, p) and (Y, N,v) be measure spaces. If E € X x Y, for x € X
and y € Y we define the x-section of E and y-section of E by

Ex={yeY:(xy) €E} and EY ={xe X :(x,y)€ E}.
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Product measures

Sections of functions

Definition (Sections of functions)

If fis a function on X X Y we define the x-section £, and the y-section
of f by

f(y) = 7 (x) = f(x,y).

Example

(1g)x = 1g,, and (1g) = 1g.

Proposition
Let (X, M, p) and (Y, N,v) be measure spaces.
Q IfFEc M®N, then E, € N forallx e X and EY €¢ M forally € Y.

Q Iff is M ® N -measurable then f. is N'-measurable for all x € X and
fY is M-measurable for all y € Y.
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Proof

To prove the conclusion from the first item let

R={ECXxY :EceNforallxeX, EYeMforallyeY}.
Then M x N C R, since

B ifxcA A ifyeB
(AxB)X:{ TXEA T and (AxB)y:{ Ny es,

0 ifxgA, 0 ifygB.
Since -
(U g) =UE). and (E) =
j=1

and likewise for y-sections, thus R is a o-algebra and consequently
R D M @ N. For the second item we use the first one and note that

(F)7Bl={y e Y:fl(y) € B} ={y € Y : f(x,y) € B} = (f'[B])x

and similarly (f¥)~1[B] = (F}[B])". O
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Monotone classes

Definition (Monotone class)

A monotone class C on a space X is a subset of P(X) that is closed under
countable increasing unions, that is

o if (Cn)neN CCand CG; C G C ..., then UneN C, e,
and countable decreasing intersections, that is
o if (Cn)neN CCand GG 2 G D ..., then ﬂnGN C,eC.

Remark
o Clearly, every o-algabra is a monotone class.
@ Intersection of any family of monotone classes is a monotone class.

@ Intersection of all monotone classes containing £ C P(X) is a unique
smallest monotone class containing &.
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The monotone class lemma

Lemma
If A is an algebra of subsets of X then the monotone class C generated by
A coincides with the o-algebra M = o(A).

Proof. Since M is a monotone class, we have C C M. We show that C is
a o-algebra, yielding M C C. For E € C let us define a monotone class

C(Ey={FeC:E\Fand F\Eand ENF €C}.

Clearly, §, E € C(E), since A CC, and F € C(E) iff E € C(F).
If E € A, then F € C(E) for all F € A because A C C is an algebra.
Thus A C C(E) and C C C(E) for all E € A.

If F €C, then F € C(E) for all E € A. Then E € C(F) for all E € A,
so that A C C(F) and hence C C C(F).

e IfE,FeC,then F\E,ENF €C, since X € ACC hence C is an
algebra. If (Ej)jen C C then |J_; E; € C but C is closed under
countable increasing unions thus C is a o-algebra as claimed. O
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Product measures

Fundamental Theorem

Theorem (Fundamental Theorem)

Suppose (X, M, u) and (Y, N,v) are o-finite measure spaces. If
E € M ®N then the functions

x — v(Ey) and y — u(EY)

are measurable on X and Y respectively and

px ) = [ WENdn() = [ wEduly),

Y

Proof. First suppose that p and v are finite. Let C be the collection of all
E € M ®N for which the conclusion of the theorem is true. If E = Ax B
then v(Ex) = 1a(x)v(B) and pu(EY) = u(A)1g(y) thus E € C. By
additivity it follows that finite disjoint unions of rectangles are in C. It
suffices to show that C is a monotone class and then the conclusion will
follow by the monotone class lemma.
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Product measures

Proof

@ If (E,)nen is an increasing sequence in C and

E:Gg
j=1

then the functions f,(y) = u((En)”) are measurable and increase
pointwise to f(y) = u(EY).

@ Hence f is measurable and by the (MCT) we see

/M(Ey)dV(y)—nlijgo/M(Eny)dV(y)— lim pxv(Ep) = pxv(E).
Y Y

n—oo

o Likewise pu x v(E) = [, v(Ex)du(x) so E € C.
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Proof

e Similarly, if (Ep)nen is a decreasing sequence in C and (72, E, = F,
the function

y = u((Er)”) € LH(v)
because u((E1)Y) < pu(X) < oo and v(Y) < o0, so the (DCT) can
be applied to show that F € C.
@ Thus C is a monotone class for the case of finite measure spaces.
o If u and v are o-finite, then X x Y = UjeNXj X Y; for an increasing
sequence of rectangles (X; x Yj)jen with p(X; x Yj) < oo for j € N.
e If E € M ®N then invoking the finite measure case we see that

o (E0 0 Y5)) = [ LglwBN Y)du(x)

= [y »)u(E N X)dny).

By the (MCT) the claim follows for o-finite measure spaces.
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Product measures

Tonelli's Theorem
Theorem (Tonelli's Theorem)

Suppose that (X, M, u) and (Y, N ,v) are o-finite measure spaces. If
fel’(X xY,uxv) then

g(x) = /Y £(y)duly) € L2(X, ),

) = | P00dulx) € L2(Y.0),

and
[ oo = [ ([ f(x,y)du(y)) dp(x)
[ ([ rxenaut)) avto.
Lecture 11
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Proof

@ Tonelli's theorem reduces to the previous theorem in case f is a
characteristic function and therefore holds for nonnegative simple
functions by linearity. If f € LY (X x Y) let (f,)nen be a sequence of
simple functions that increase pointwise to f. Let

gn(x) = /Y (Ex()dv(y),  and  ho(y) = /X (F) (x)dp(x).

e By the (MCT) g, 7552 g and h, 7552 h, so that g and h are
measurable and we have

/gdu— lim /g,,du— lim / f,,d(uxu)—/ fd(p x v),
X n—roo JX n=o0 JXxy XxY

/hduz lim / hndv = Iim/ fnd(uxy):/ fd(pu x v).
Y e Jy =0 JXxyY XxY

This proves Tonelli's theorem. L]
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Fubini's Theorem

Theorem (Fubini's Theorem)

Suppose that (X, M, u) and (Y, N,v) are o-finite measure spaces. If
felYXxY,uxv) then f, € LY(Y,v) for u-a.e. x € X and
fY e LX(X,p) forv-a.e. y € Y and

g(x) = /Y f(y)duly) € LN(X. ),
hy) = /X P (x)du(x) € LYY, v),

and

/ny Floy)alu xv)lx ) = ( f(Xay)dV(y)> dp(x)
(

/,
[ Fendut)) avto).
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Proof

@ In Tonelli’s theorem if

/ fdu x v < oo,
XxY

then
800 = [ Kdny) < oo -
h(y) = /X Y (x)du(x) < oo, v—ae,

thatis £, € L}(Y,v) fora.e. x € X and f¥ € L}(X, ) forae y €Y.

o If f € LY(X x Y, x v) then the conclusion of Fubini's theorem
follows by applying Tonelli's theorem and these results to the positive
and negative parts of the real and imaginary parts of f. O
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Remarks

@ o-finiteness is necessary in both Tonelli's and Fubini's theorems.

@ The Fubini and Tonelli theorems are frequently used in tandem. To
reverse the order of integration in a double integral [,  fdudv, we
first verify that [, |f|dudy < co by using Tonelli’s theorem to
evaluate this integral as an iterated integral; then one applies Fubini’s
theorem to conclude that [ [, fdudv = [, [, fdvdpu.

@ If 4 and v are complete i X v is almost never complete. Suppose that
there is A € M and p(A) =0 and N # P(Y) (think that u=v =\
is the Lebesgue measure on R). If E € P(Y)\ N, then
AXEZMONbut AXECAXY and pxv(AxY)=0.

@ If one wishes to work with complete measures, of course, one can
consider the completion of 1 x v. In this setting the relationship
between the measurability of a function on X x Y and the
measurability of its x-sections and y-sections is not so simple.
However, the Fubini—Tonelli theorem is still valid when suitably
reformulated.
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Completion of product spaces
Theorem

For a given d € N let (X;, M;, j1;) be a measure space for each1 < j < d.
Let (Xj, M, 1ij) be a completion of (X;, M;, j1;). Then one has

d d d d d d
(T1%o(TT). @) = (TT%-o(1146)- Q).
j=1 j=1 j=1 j=1 j=1 j=1
Proof. If (X, M, u) is a measure space, then
M={
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Product measures

Proof

It suffices to show that

_ﬁleg o(f[le) = o(T[™) co(TT M)

) |ij€thhen EJ':AJ'UBJ', whereAJ-EMj and ng CJ'EMJ‘
and p;(C;) = 0. Define

AcUB, fork#j
Pi=Fi1x...xFg where Fj,k_{" K fork#)

B./ for k :j,
and
A UC, fork#j
Qj =G X ... X Gj,d where G’Lk — k k or ¢J7
Cj for k =J.
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Proof

@ Then
d

d
11&=

d
(AjUB;) H Aiul P
Jj=1 J Jj=1 Jj=1

Now Hf:l Aj € Hf:l M,; and U}j:l Pj < Uf:l Qj € Hf:l M, and

<§uk)(JQQf)§i(®“k> QJ)<ik1ﬂ[1,UJk ik) =0,

j=1 k=1 j=1

1

since jux(G,x) = pk(Ck) = 0.
@ Thus we have shown that U _1 Pj is a subset of a null set UJ 1 @ in
a product space (szl i, (szl MJ),®J:1 1), as desired. O
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Product measures

Observation

Lemma
Let (X, M, p) and (Y, N,v) be two measure spaces. If E is a null set in
the product space (X x Y,o(M x N),u x v) then

e E,isanull setin (Y,N,v) for u-a.e. x € X.
o EY isanull set in (X, M, p) forv-a.e. y € Y.

Proof. We have
[ Edut) = [ u(ENdvly) = ux v(E) =0
X Y

Thus
v(Ex) >0 and / v(Ex)du(x) =0,
X
yielding v(Ey) for p-a.e. x € X. Similarly, u(EY) for v-a.e. y € Y. O
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Useful fact

Proposition

Let (X x Y,0(M x N), u X v) be the completion of the product space

(X x Y,0(M xN),uxv) of two complete measure spaces (X, M, )

and (Y, N,v).

(a) IfE € (M x N), then E,x € N for u-a.e. x € X and EY € M for
v-ae. yey.

(b) If f is an extended real-valued o(M x N')-measurable function on
X XY, then fy is N'-measurable for ji-a.e. x € X and 1V is
M-measurable for v-a.e. y € Y.

Proof. It suffices to prove (b), the (a) will follow by taking f = 1g for
E € o(M x N). An important tool in proving (b) is the following result:
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Proof

Proposition

Let (X, M, 1) be a measurable space and let (X, M, i) be its completion.
If f is M-measurable function on X, there is M-measurable function g
such that f = g @-a.e., in fact f = g on N€¢ for some null set N € M.

If fis o(M x N)-measurable then there are a o(M x N')-measurable
function g and a null set E € (M x N) such that f = g on E€. Then

e f, =gy on ES for x € X,

o f¥Y=gYon(EY) foryeY.
Now gy is A/-measurable for every x € X. By the previous observation E,
is a null set in a complete measure space (Y, N,v) for p-a.e. x € X.
Thus fy is N-measurable for p-a.e. x € X. Similarly, we have fY is
M-measurable for v-a.e. y € Y, and the proof is completed. O

@ Using this proposition and previous observation we can readily prove

the following Fubini—Tonelli theorem for complete measure spaces.
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Fubini—Tonelli theorem for complete measure spaces

Theorem (Fubini—Tonelli theorem for complete measure spaces)

Let (X, M, p) and (Y,N,v) be complete o-finite measure spaces and let
(X x Y,T,0) be the completion of (X x Y, M QN ,uxv). Iffis

T -measurable and either: (a) f >0, or (b) f € L1(0). Then f, is

N -measurable for a.e. x and f¥ is M-measurable for a.e. y., and in case
(b) f. and Y are also integrable for a.e. x and y. Moreover,

g(x) = /Y f()duly), and  h(y) = /X £ (x)du(x).

are measurable and in case (b) also integrable, and

/Xxyf(x,y)de(x,y)Z/X(/y f(X,y)dy(y)>dlu(X)
= /y </Xf(x7y)du(><)> dv(y).
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