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Modes of convergence

Modes of convergence

Let (fp)nen be a sequence of complex-valued functions on a space X.

@ 1, 55z f uniformly on X iff sup,cx |fa(x) — f(x)| 7552 0. In other
words, for any € > 0 there is N. € N such that

n>N; implies |fh(x)—f(x)]<e forall xeX.

@ f, ;== f pointwise iff [f(x) — f,(x)| 7552 0 for any x € X. In other
words, for any x € X and € > 0 there is N, . € N such that

n> N, implies |f(x)—f(x)|<e.

@ Uniform convergence implies pointwise convergence.

@ Pointwise convergence implies pointwise convergence a.e.
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Modes of convergence

Convergence in measure

Let (X, M, i) be a measure space and let L°(X) be the space of all
complex-valued measurable functions on X.

Definition (Convergence in measure)

We say that a sequence of measurable functions (f,)neny € LO(X)
converges in measure to a measurable function f € L%(X) if for every
€ > 0 we have

H({x € X 2 h(x) — F()] 2 €}) o 0.

Cauchy sequence

We say that a sequence of measurable functions (f,),en € LO(X) is
Cauchy in measure if for every € > 0 we have

p({x € X |fm(x) = fa(X)| = €}) mrmz 0.
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Modes of convergence

L' convergence implies convergence in measure

Proposition

Let (X, M, ) be a measure space, (f)nen C LY(X) and f € LY(X). If
fo 5==e  in LY(X), which means that limp oo [y |fo — fldpu =0, then
fn == f in measure.

Proof. For any A > 0, recall Chebyshev's inequality
p({x e X101 = 3D < 5 [ IhGOldn(x

where E = {x € X : |h(x)| > A}. Let Ep. = {x € X : |fo(x) — f(x)] > A}
Then by Chebyshev's inequality we have

1 1
ulEn) < [ M- fldn < [ 1= fldn 0. O
n,e X
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Remarks

Remarks
e Pointwise convergence does not imply L! convergence, it suffices to
consider f,(x) = n_l]l((]’,,)(x), which converges to 0 uniformly, but L
convergence fails, since [p [f,(x)[dx = 1.

o L convergence does not imply pointwise convergence. To see this
consider fy(x) = Ljp—« (j11)2-# for n = 2K 4+ j with 0 < j < 2K. Then
we have fol |fa(x)|dx = 27K for any 2k < n < 2k*+1 but £, does not
converge for any x € [0, 1], since there are infinitely many n € N for
which f,(x) = 0 and infinitely many for which f,(x) = 1.

@ On the other hand, if f, 7= f a.e. on X and |f,| < g € L}(X) for all
n € N then f, 7=z f in L}(X), which means [} |f, — f|dp 7==2 0.

o If f, ;== f in L}(X) then there exists (nk)ken C N such that
limg_o0 fa, = f a.e. on X. This will follow from Riesz's theorem.
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Riesz theorem

Theorem (Riesz theorem)

Let (X, M, i) be a measure space and let (f,)neny € LO(X) be a Cauchy
sequence in measure. Then there is a subsequence (ng)keny C N and a
measurable function f € L°(X) such that

© fn =z fae onX

o fy === f in measure.
@ Moreover, if f; == & in measure, then f = g a.e. on X.

In particular, if f; == f in L1(X) then there is (nk)ken C N such that
fo =z f a.e on X.

Proof. (f,)nen is Cauchy in measure if for every ¢ > 0, we have
p({x € X lfm(x) = fa(X)[ = €}) mam= O
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Modes of convergence

Proof

o We choose a sequence (gj)jen = (fn;)jen such that
if Ej={x¢€X:|g(x)—gyi(x)>27}, then pu(E)<27.
o If Fx = Uj>y Ej, then

u(Fe) < ZM(EJ)ZZQ_J =2k 0.

o If x & Fy, then foranyn>m> k one has
n—1

|gm(x x)| < Z gr1(x)—g(x)| <Y 27 <2 asm 0. (%)

J m

@ We have proved that (gn)nen is Cauchy in F{. Let

F= ka—hmsupE

k=1 n—o0
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Proof

o Since u(Fx) < 2'~k we deduce that
p(F) < p(Fk) <275, which implies  u(F) = 0.

o If we set
F(x) = limp—s00 8n(X) ?f x & F,
0 if x€eF,

then we see that f is measurable on X and thus g, ;=5 f a.e.
o If x € F, and m > k, then by (*) we obtain

|gm(x) — F(x)] < 217"
@ Thus we pick m € N so that 2!~ < ¢ and note that

p({x € X [gm(x) = f(x)| = €})
< u({x € Fp o lgm(x) = F(x)| = €}) + u(Fm) m==2 0
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Proof

® We have shown that gi = fp, == f in measure, but then f, 7= f
in measure, since

(XX hy(x) — F(x)| > ) €
{x e X :|fa(x) — o, (x)| > €/2} U{x € X : |, (x) — f(x)| > ¢/2}.

o If f, ;== g in measure, then

{xeX:|f(x)—gx)| = e} C
{x e X :|f(x)—fa(x)| > e/2} U{x € X : |fa(x) — g(x)| > £/2}.

@ Since € > 0 is arbitrary we deduce that
p({x € X - |f(x) — g(x)| = €}) =0,

showing that f = g a.e. on X. O
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Modes of convergence

Three Littlewood principles

Although the notions of measurable sets and measurable functions
represent new tools, we should not overlook their relation to the older
concepts they replaced. Littlewood aptly summarized these connections in
the form of three principles:

Three Littlewood principles

(a) Every set is nearly a finite union of intervals.

(b) Every convergent sequence is nearly uniformly convergent.

(c) Every function is nearly continuous.

Theorem (The first principle: Approximations by rectangles)

If E € L(RY) and A\y(E) < oo, then for every ¢ > 0 there is a set A that is
a finite union of open rectangles such that A\y(EAA) < e.

@ The same result is true if i is a Lebesgue—Stieltjes measure on R.
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Modes of convergence

The second principle: Egoroff's theorem

Theorem (Egoroff's theorem)

Let (X, M, i) be a finite measure space j(X) < oo. Let (f,)nen C LO°(X)
and f, 7= f € L%(X) a.e. on X. Then for every € > 0 there exists a set
E € M such that u(E) < ¢ and f, ;== f uniformly on E°€.

Proof. We may assume (wlog) that f,(x) 7=z f(x) for every x € X. Let
En(k) = [ J{x € X |fm(x) = F(x)] = k1.

m>n
For a fixed k € N, observe that E,(k) D Epy1(k) and
() En(k) =0.
neN

Since p(X) < oo by the continuity of the measure
lim pu(Eq(k)) = 0.
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Proof

Given € > 0 and k € N we choose nj so large that

H(En, (K)) < 275,

We now consider

E =] En(K).

keN
Then

W(E) < Y nlEn (k) <3227 =2,

keN
and for x € E€ we have that

1fa(x) — F(x)] < k1
Thus f, ;== f uniformly on E€.
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Modes of convergence

Approximations by step functions

Definition (Step functions)

A step function on R is a finite linear combination, with complex
coefficients, of characteristic functions of rectangles in RY, ie.

n
o(x) = ZajﬂRﬂ
j=1

where R; C R9 is a rectangle and a; € C. A family of step functions on
R9 is a subfamily of simple functions on RY.

Theorem (Approximations by step functions)

Let f : RY — C be a measurable function. Then there exists a sequence of
step functions (pn)nen such that

lim o(x) = f(x) for almost every x € RY.
n—oo
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Proof

@ We know that if f : R — C is measurable then there is a sequence
(fa)nen of simple functions such that 0 < || < || < ... <|f| and
fn 7== f pointwise everywhere on RY.

@ Thus it suffices to show that if E is a measurable set with finite
measure, then f = 1 g can be approximated by step functions.

@ We now use the first Littlewood’s principle, asserting that for every
e > 0 there are rectangles Q1, ..., Qx so that \y(EA UJ’.‘:1 Q) <e.

@ By considering the grid formed by extending the sides of these cubes,
we find almost disjoint rectangles P1, ..., Py such that

k m m
UQ=[JP and X(EA|JP)<e
j=1 j=1 j=1

@ By taking rectangles R; contained in P;, and slightly smaller in size,
we find a collection of disjoint rectangles that satisfy

Ma(EA|JR) < 2e.
j=1
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Proof

@ Therefore .
f(x)=1e(x) =D 1g(x)
j=1

except possibly on a set of measure < 2¢.
@ The same remains true if f is a simple function.

o Consequently, for every n € N, there exists a step function ¢, such
that if
En={x € R?: f(x) # ¢n(x)},
then \g(Ep) < 27".
o If welet Fp, = U2

j=
Ad(Fm) <27™ and

me1 Ej and F =, ey Fm, then Ag4(F) = 0, since
Tim_p0(x) = F(x)

on the complement of F, which gives the desired result. O
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The third principle: Luzin's theorem

Theorem (Luzin's theorem)

Given a measurable set E C RY and given f : E — C, the following
statements are equivalent:

(a) f is measurable,

(b) for every € > 0 there exists a closed set F C E such that
Md(E \ F) < & and f restricted to the set F is continuous.

Proof of (a) = (b). Assume that A\y(E) < oo and fix e > 0.

o Let (fy)men be a sequence of step functions such that f, ;== f a.e.
on RY. Then we find measurable sets E, so that A\g(E,) < 27 "1
and f, is continuous outside E,.

e By Egoroff's theorem we find a measurable set U such that f, ;== f
uniformly on U and A\g(E \ U) < £/4.
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Proof

@ Define a new set
D=U\ U En,
neN
then we see that f, ;=552 f uniformly on D and (f,)men is a sequence
of continuous functions on D, thus f is a continuous function on D.
@ Now we find a closed set F C D such that \y(D \ F) < ¢/4. Then it
is easy to see that A\g(E \ F) < e.
@ If A\y(E) = oo then we may apply the previous result to the sets
Ak =EN{x €eRY: k <|x| < k+1} and then use regularity of A4.
Proof of (b) = (a). We may assume that f is real-valued. Then
for n € N we can find a closed set F,, C E such that f is continuous
on F, and A¢(E \ Fp) < n~'. Define F =,y Fn and note that
Ad(E \ F) = 0. We see that for every a > 0 the following set

{x € E:f(x)>a}= U{XEFn:f(X)>a}U{E\F: f(x) > a}
neN
is measurable since Ay is complete. O
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Normed spaces

Seminorm

Let K denote either R or C and let X be a vector space over K. We
denote the zero element of X simply by 0.

@ By a subspace we shall always mean a vector subspace.

@ If x € X we denote by Kx = {Ax : A € K} the one-dimensional space
spanned by x.

Seminorm

A seminorm on X is a function X 3 x — ||x|| € [0, c0) such that
O lx+yll < x|l + iyl for all x,y € X,
Q || M\x|| = |Al|Ix]| for all x € X and A € K.

Norm

A seminorm such that ||x||x = 0 only when x = 0 is called a norm. A
vector space equipped with a norm is called a normed vector space.
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Normed spaces

Norms and metrics and Banach spaces

Norms and metrics

If (X,]|-|]) is a normed vector space the function p(x,y) = ||x — y|| is a
metric on X. The topology it defines is called the norm topology on X.

Banach space

A normed vector space (X, || - ||) that is complete (Cauchy complete) with
respect to the norm metric is called a Banach space.

Remark

Every normed vector space can be embedded in a Banach space as a dense
space. One way to do this is to mimic the construction of R from Q via
Cauchy sequences.
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Normed spaces

Equivalent norms

Equivalent norms

Two norms || - ||1 and || - ||2 on X are equivalent if there exists C > 1 such
that
Clx|ly < |lxll2 < C|x|l1  forany xe X.

@ Equivalent norms define equivalent metrics and hence the same
topology and the same Cauchy sequences.

Convergent and absolutely convergent series

If (Xn)nen is a sequence in X, the series > "7 x, is said to converge to

xe Xif
N

E Xp — X

n=1

=0,

N—oo

N
E Xn NS X lim ‘
n=1

and it is called absolutely convergent if >\ [[xa| < oo.
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Normed spaces

Completeness criterion in normed spaces

Theorem

A normed vector space (X, || - ||) is complete iff every absolutely
convergent series in X converges.

Proof (=). Assume that X is complete and )y [[xa|| < co. Define

n
Sn = Z Xm forevery neN.
m=1

Then for n > k we have

n

>

m=k+1

n e}

< Y xmll < D il =2 0

m=k+1 m=k+1

15n = Skll =

So (Sp)nen converges since X is complete.
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Proof

Proof (<=). Let (x5)nen be a Cauchy sequence in X. For any k € N
there is nx € N such that for every n, m > n, we have
l|xn — Xml| < 27K
Thus we find ny < ny < ... such that for every k € N one has
1Xner — Xne || < 2k,

Define yo = x», and yx = Xp,,, — Xn, for k > 1. Then the sequence

—k
Z H)/kH = HXn+1|| + Z HXnk+1 - X”k” < HXn1|| + 22 < 00,

keN keN keN

thus >, Yk converges.
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Normed spaces

Proof
But
k—1 k—1
Ko = DY = D (n = X)),
j=0 =0

hence the sequence (xp, Jken converges as well. Let limy_,00 Xn, = X.

We show that

lim x, = x.
n—oo

Indeed, ||x, —Xm|| < 5 forall n,m > Ny, and ||x,, —x|| < 5 for all k > N.

Let n, k > N = max{Ny, N>}, then ny > k > Ny and n > N; yielding

[0 = X[| < [lxn = X [| + [[xm, = x[| <& O
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Examples

Bounded and bounded continuous functions are Banach spaces

If X is a topological space then
B(X)={f: X = C:sup|f(x)] =|fl|lec < o0}
xeX
and

BC(X)={f: X — C : fis continuous and sup |f(x)| = ||f|lec < 00}

xeX

are Banach spaces with the uniform norm
[flloc = sup [£(x)].
xeX

It is straightforward to show that f > ||f||~ defines a norm on B(X) and
BC(X) and both spaces are complete with respect to this norm.
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LP spaces

Let (X, M, 1) be a measure space. For every 0 < p < oo and a
measurable function f : X — C we define the quantity

1/p
1Fllee = ¥l = ( / \f(X)I”du(X)> |
and for p = co we set

[Fllee = [IFlloe(x) = esssupyex|f(x)],

where
esssup,ex|f(x)| =inf{C >0: p({x € X : |f(x)] > C}) =0}.

Definition (LP spaces)

For every 0 < p < 0o we define

LP(X, M, ) = {f : X = C: f is measurable and [|f||»(x) < 0o}.
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Basic remarks on LP spaces

Remarks

o We abbreviate LP(X, M, u) by LP(X, i) or LP(X) or simply LP when
this will cause no confusions.

o As we have done with L}(X), we consider two functions to define the
same element of LP(X) when they are equal almost everywhere.

e LP(X) is a vector space. For p = oo there is nothing to prove. For
0 < p < oo if follows from a simple inequality

If +glP < (2max{|f],|g]})” < 2°(IfIP +[gl?) for f, g€ LP(X).

e If X is a countable set we define ¢P(X) to be LP(X,P(X), 1), where
(i is counting measure on (X, P(X)), then

1/p
Il = (3 1FGP) 7 for 0<p <o,

xeX
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Holder's inequality

Proposition (Holder's inequality)

Let (X, M, 1) be a measure space and let 1 < p,q < oo with % + % =1.
Then, for any f € LP(X) and g € L9(X), we have

Ifgllixy < IFlleexyllglliacx)-

The parameter p' = q = ﬁ is called the conjugate exponent to p. We

will use convention that 1’ = oo and oo’ = 1.

Proof. By homogeneity, we may assume that ||f|[;o(x) = [lglLs(x) = 1.
Note that

gl = / fgldp = / (IFPY/P(g|9) 9y < / max(|f]P, |g|%)du
X X X
< /X IF1Pdp + /X gl9du = 2 = 2| | ) lglog0)-
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Proof.

@ Thus, we have proved that [/fg||1(x) < 2||f[lo(x)llgllLa(x)- Thatis,
Holder's inequality holds, but with a constant of 2 instead of 1.
@ We use the best constant argument to complete the proof. Let

C > 0 be the smallest constant such that, for all measure spaces
(X, M, ), we have
Ifglliixy < Clifllieexyllglliacx)
@ We know that C < 2, and we will show that C < 1 using the “tensor
trick.” Let F(x,y) = f(x)f(y) and G(x,y) = g(x)g(y). Then
1711313y = IIFGlrxxx) < ClIFllogxx) |G llLagxxx)
= ClIF 20y B0

o Taking square roots, we have [|fg||11(x) < C2[|f||1o(x)ll& ]l La(x). SO
C < Cl/? (since C is the best constant), which implies C < 1. O
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Normed spaces

Minkowski's inequality
Proposition (Minkowski's inequality)
Let (X, M, ) be a measure space and let 1 < p < oo. Then, for any

f,g € LP(X), we have

I+ glleexy < Nfllex) + llgllLeex)-

Proof. For f,g € LP(X) note that
If +glP < IFIIf +glP~! + [glIf + P
Then by Holder's inequality, with ¢ = ﬁ, we immediately obtain
1+ &l 7rx) < (IFlx) + gl IIF + g7 liaex)

< (Il + lglrpo) IF + glifads-

Dividing both side by |[£ + g|[7)¢, = |If + &7, we obtain Minkowski's
inequality.
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Normed spaces

LP spaces are normed vector spaces
Theorem

Let (X, M, 1) be a measure space. For every 1 < p < oo the set LP(X) is
a norm vector space with the norm || - || (x), where

1/p
Iflovo = [ FePauca) . o 1<p<os

and

[l oo (x) = esssupyex|f(x)], for p=o0.

Proof. Let f,g € LP(X) be given.

e It is obvious that [|f[|;»(x) = 0 if and only if f =0 a.e. on X.

o It is also easy to see that [|Af][.p(x) = |All|f][Lr(x) for any A € C.
@ By Minkowski's inequality we also have the triangle inequality

1+ glleexy < Iflleex) + I8l eex)- O
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LP spaces are Banach spaces
Theorem

Let (X, M, 1) be a measure space. For every 1 < p < oo the set LP(X)
with the norm || - ||.»(x) is @ Banach space.

Proof. To prove completeness if suffices to show that every absolutely
convergent series in LP(X) converges.
o Suppose that (fx)ken € LP(X) and o [[fkllp(x) = B < 0.
o Let G, =>"}_;|fl and G =3,y k|- Then G, € LP(X), and
G, < Gpy1 and HG||LP(X) = limp—o0 || Gn ||LP < BP by the (MCT).
@ Hence G € LP(X) and G(x) < o0 a.e. on X wh|ch ensures that
F =3 ien fc <00 a.e on X. Since |F| < G we obtain F € LP(X).
e Then |[F —Y7_, /[P < (2G)P € L1(X), so by the (DCT) we have

n
I
H gkLP(X)n_)

@ Thus the series Y ;_; fx converges in the LP(X) norm as desired. [
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