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Vitali's covering lemma
Let (X, M) = (RY, Bor(R?)), and let \y be Lebesgue measure on RY.

Lemma (Vitali's covering lemma)

Let C be a collection of open balls in RY and let

u=1Js.

BeC

If A\g(U) > c, then there exist disjoint balls By, ..., B, € C such that

c < 3d Z )\d(Bj).
j=1

Proof. If ¢ < Ay(U) then from the inner regularity of Lebesgue measure
Ad, there is a compact set K C U with A\g(K) > ¢ and finitely many balls
Ay, ..., A, €C covering K, i.e. KC Ujm:1 Aj.
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Proof

o Let By be the largest of the A;’s (the one having maximal radius).
@ Let By be the largest of the A;’s that is disjoint from B;.

@ Let B3 be the largest of A;'s that is disjoint from B; and B> and so
on until list of A;'s is exhausted.

@ According to this construction, if A; is not one of the B;'s there is a
J€{1,..., k} such that A;N Bj # () and if j is the smallest integer
with this property the radius of A; is at most that of B;.

@ Hence

AI g Bf?
where B is the ball concentric with B; whose radius is three times
that of B;. In other words, Bf = 3B;.
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Hardy-Littlewood maximal function

Proof
o But then .
kel JAaclsr,
j=1 j=1
and consequently
k k k
c < Aa(K) <D Xa(Bf) = Xa(3B) =37 " Aa(By). O
j=1 j=1 j=1
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Hardy-Littlewood maximal function

Locally integrable function

Definition (Locally integrable function)

A measurable function f : RY — C is called locally integrable (with
respect to Lebesgue measure) if

/K|f(x)| dx < 00

for any bounded measurable set K C RY.

Notation
o We shall abbreviate dA4(x) to dx.
o We denote the space of locally integrable functions by L1 (R9).

loc
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Hardy-Littlewood averaging operator

Definition (Hardy-Littlewood averaging operator)
If f e Ll (RY), xcR? and r > 0 we define M,f(x) to be the average of

loc

f over the open ball B(x,r) ={y € R : |x —y| < r}, i.e.

1
M, f(x) = / f(y)dy.
( ) Ad(B(X7 r)) B(x,r) ( )
Lemma (A)
If f € LL (RY), then M,f(x) is jointly continuous in (x,r) € R x (0,00).

Proof. We know \y(B(x,r)) = cr?, where ¢ = \y(B(0,1)) (from polar
coordinates) and Ag¢(S(x,r)) = 0, where S(x,r) = {y € RY : |x — y| = r}.
Moreover,

lim Tp(x,r) = Lp(xy,r) POINtwise in R\ S(xo, ro)-

r—nr
X—rX0
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Proof

If r < ro+ 3 and |x — xo| < 4, note that

]lB(X,r)(y) < ]]-B(Xo,r+1)(.y)'

Indeed, if [x — y| < r, then

1
\y—x0|§|X—y\+]x—xo]§r+§<ro+l.

By the (DCT) it follows

Iim/ fydy:/ f(x)dy.
rn B(x,r) ( ) B(xo,r0) ()

X—X0
Hence
rILn?O M, f(x) = My, f(xo). O
X—>XQ
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Hardy—Littlewood maximal function

Definition (Hardy-Littlewood maximal function)

If f € L} .(RY) we define its Hardy—Littlewood maximal function by

M, f(x) = sup M,|f|(x) = sup

1
_ F(y) dy, xeRY.
r>0 r>0 )‘C/(B(X7 r)) /B(X,r) #ly)ldy

Observation

For any e > 0 we have

{x eRY: M,f(x) > o} = | J{x e RT: M/|f|(x) > a}.

r>0

Thus by Lemma (A) we have that
{x e RY: M,f(x) > a}

is open in RY.
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Hardy-Littlewood maximal function

Hardy—Littlewood maximal theorem

Theorem (Hardy-Littlewood maximal theorem on weak L!)
Fix d € N. Let

1
M, f(x) = su / f(y)dy, xeRY fel: (RY
( ) r>g )\d(B(X, r)) B(X,r)‘ (y)| y loc( )

be the Hardy—Littlewood maximal function. There exists a constant
C > 0 such that for all f € LY(RY) and for all & > 0 we have

C C
Mol {x € BT MAG) > a)) < [ I dy = S IFlugeey
Rd (@

This inequality is often called in the literature the weak type (1,1)
inequality for the Hardy-Littlewood maximal function.
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Hardy-Littlewood maximal function

Proof
Proof. Define
E,={xeRY: M,f(x)>a} for a>0,

this set is open according to the previous observation.
e For each x € E, we can choose r, > 0 such that M, |f|(x) > «.
@ The balls B(x,rx) C Ey and Ey C |, e, B(x,1x).
e By Vitali's covering lemma if ¢ < A\y(E,) there exist x1,...,xx € E,
such that the balls B; = B(x;, ry;) are disjoint and

k
c <39 " Xa(By)
j=1
@ Then, since )\d(B < éfB |f(y)| dy, we obtain

c<3dZAd <Z/|f ydy</ )| dy.

e Letting c — )\d(Ea) we obtain the claim. O
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Hardy-Littlewood maximal function

Layer-cake decomposition for LP norms
LP norms

Let (X, M, 1) be measure space. Recall that for 0 < p < oo we have

1oy = < /X | f(y)wdu(x))l/p

and for p = co we have

1l Loe(x) = ess.sup,ex|f(x)].

Proposition (Layer-cake decomposition)

Let (X, M, 1) be a o-finite measure space. Then, for f € LP(X) with
0 < p < oo, we have

ey = 2 [ 0 2l € X2 [FG0] > a})d
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Proof

Proof. Using the Fubini-Tonelli theorem, we have
p/ P Lu({x € X : [f(x)| > a})da
0
:p/o ap1/X]1{X€X:|f(x)>a}du(x)da

B /x /olf(x) paP~tdadp(x)
= [ 1F6aPdut)

= HfHLP(Rd

This completes the proof. O
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Hardy-Littlewood maximal theorem on LP spaces
Theorem (Hardy-Littlewood maximal theorem on strong LP)

Fixd € N. Let

1
M, f(x) = sup

_ f(y)|dy, xeR9 fell (RY
r>0 )\d(B(X7r)) /B(x,r) (y)| d : ( )

be the Hardy—Littlewood maximal function. For every 1 < p < o0,
there exists a constant C > 0 such that for all f € LP(RY) we have

[Mcfl ey < CollfllLo(ma)-

This inequality is often called in the literature the strong type (p, p)
inequality for the Hardy-Littlewood maximal function or we simply say
that M.f satisfies LP bounds.

Remark

@ One can check that this inequality fails, when p = 1. Justify this!
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Hardy-Littlewood maximal function

Proof
Proof. If p = co there is nothing to do. Assume that p < oo and f > 0.
@ Define
f= f]lFa + f]l/:é =f,+ fa,
where

F.={xeR?: f(x) <a}.
@ By the triangle inequality
M. f < M fo, + M <.
@ Thus
Aa({x € RY: M,f(x) > 2a})
< Aa({x € RY : M, fy(x) + M.F(x) > 2a})
< M({x € RY : M. f(x) > a})
+ Ag({x € RY: M,F¥(x) > a}).
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Proof

o Note that A\y({x € R : M,f,(x) > a}) =0, since M.f,(x) < a.

@ Consequently, by the Layer-cake decomposition and change of
variables we obtain

M.y =P [ 02 al(x € RS MoA() > ) da
_ 2pp/ 0P y({x € RY : M,F(x) > 20}) da
0
< 2pp/ P Ig({x e RY : M,Ff¥(x) > a}) da
0

o Note also that f* € L}(R?). Indeed f* = flfc, and consequently

N 1 1
P ey = [ 1Ol ax < g [ 1FGOP e = 1 ey

o
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Hardy-Littlewood maximal function

Proof

e We apply the weak type (1, 1) inequality for the Hardy-Littlewood
maximal function to conclude that

oo
2pp/ P Ig({x € RY: M, fY(x) > 2a}) da
0

<C2P/ aP2/ |F%(x)| dx dav
—C2p/ a”z/ |f(x)] dx d

()
< Gp2Pp / |f(x \/ aP2dadx  (by Fubini)
Cp2P p

x)|P~ l\f (x)| dx

C2p
= ||||

@ This completes the proof. []
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A first glimpse at the Lebesgue differentiation theorem

Theorem (A)

Ford € N, let

1
M f(x) = —=— f RY, fe L (R
()= 5B o, VW B F e (B

be the Hardy-Littlewood averaging operator. If f € L] (R?), then
lim M, f(x) = f(x) forae xcRY
r—0

Notation

@ In the proof we will use the following notion of the superior limit:
limsupo(r) = lim  sup  ¢(r) =inf sup  o(r).
r—R €20 0<|R—r|<e e>00<|r—R|<e
@ One can easily verify that

limsup|p(r) —c|=0 <= lim¢(r)=rc.
r—R r—R
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Proof

Proof. The proof illustrates a very important technique in establishing
pointwise convergence.
@ Since f € LllOC it suffices to show that for N € N we have
lim M,f(x) =f(x) ae.on B(0,N).

r—0

@ But for [x| < N and r < 1, the averaging operator M,f(x) depends
only on the values f(y) for |y| < N + 1 so by replacing f with
flg(o,n+1) We may assume that f € L(RY).

@ Given £ > 0 we can find a continuous integrable function g such that

/ () — F(y)| dy < <.
Rd
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Proof

o Continuity of g implies that for every x € R? and § > 0 there exists
r > 0 such that |g(y) — g(x)| < § whenever |x — y| < r and

IMyg(x) — g(x)| = \ / 5 (1)) dy| < oo.

e Thus
Iim0 M,g(x) = g(x) forevery xcRY,
r—

@ This immediately implies that
|ir‘:1_f(L)lp‘Mrf(X) — f(x)|
= lim sup (M, (f — g)(x) + (Mrg(x) — g(x)) + (g(x) — £(x))]

< M (f = g)(x) + [f(x) — g(x)I.
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Hardy-Littlewood maximal function

Proof
o Hence if E, = {x € RY : limsup,_,q |M,f(x) — f(x)| > a}, and

Fo={x € RY: [f(x) — g(x)| > o}
we have
Eo C FuppU{x € RY: M,(f — g)(x) > a/2}.
@ By Chebyshev’s inequality
2 2e
MF) <2 [ 1) g0l e < =

o}
a2
@ By the weak type (1,1) inequality for the Hardy-Littlewood maximal

function we obtain
2¢  2Ce

@ Since € > 0 is arbitrary A\g(E,) = 0 for all & > 0. Then
lim M,f(x) =f(x) forall x¢ U Ei/n, so we are done. [J
r—0

neN
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Hardy-Littlewood maximal function

Corollary

Corollary
Ford € N, let

1
M, f(x :/ f(y)dy, xeR?, feli. (R?
0= 3aB0 ) Jon oc5)
be the Hardy-Littlewood averaging operator. If f € L}OC(RU’), then
1
Iim/ f(y)—f(x))dy=0 ae on RY.
M 3a(Bx, 1) Jpen ) TON

Definition (Lebesgue set)

Let us define the Lebesgue set L¢ of f € Ll (RY) by

Lr={xer’: mm/tg(xvr) F(y) — F()| dy =0}

(Graduate Real Analysis)

Lecture 19 Fall Semester 21/27



Hardy-Littlewood maximal function

Lebesgue sets are measure zero sets

Theorem (B)
Iff € LL (RY), then A\g(LE) = 0.

Proof. For each ¢ € C we apply Theorem (A) to g.(x) = |f(x) — c| to
conclude that except on a Lebesgue null set E. we have

. 1 P
5B oy ) € =110l

Let D be a countable and dense set in C and let E = J..p Ec. Then
A(E)=0. If x ¢ E, for any € > 0 we can find ¢ € D with |f(x) —c| <e
so that |f(x) — f(y)] < |f(y) — c| + €. Hence

lim su / — f(x)|dy < |f(x) —c|+¢€ < 2¢,
Sl NGORIC IO
thus x € L¢. Hence L§ C E and A\g(L§) < Ag(E) =0. O
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Hardy-Littlewood maximal function

Lebesgue differentiation theorem

Definition (Nicely shrinking sets)

A family of Borel sets (E,);>0 C RY is said to shirnk nicely to x € RY if
@ E, C B(x,r) for each r > 0,

@ thereis a > 0 independent of r > 0 such that Ay(E,) > aXq(B(x,r)).

Theorem (Lebesgue differentiation theorem)

Suppose f € L

L (RY). For every x € L¢, (Ls is the Lebesgue set of f), we
have

r"L'BAd / ) = £l =0,

lim T(E,) /E Fly) dy = F(x)

for every (E,),~o that shrinks nicely to x € RY.
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Regular measure

Proof. Since \y4

1

(L§) = 0 we obtain
1
(E) Erlf(y)—f(X)ldyS o (E) B(XJ)If(y)—f(X)Idy
1
S -

arg(B(x, r)) /B(x,,) f(y) — f(x)|dy —3 0 g

Definition (Regular measures)

A Borel measure v on R? is called regular if
@ v(K) < oo for every compact K C RY,
@ v(E)=inf{v(U): E C U, and U is open} for every E € Bor(R?).

Remark

e In fact, (ii) is implied by (i), and this definition of regular measures
coincides with the regularity discussed at the beginning of the course.

@ A signed or complex Borel measure v is called regular if |v| is regular.
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Hardy-Littlewood maximal function

Theorem

Example
If f € L (RY) then the measure f d)\g is regular iff f € LL (R9). Why?

Theorem (Lebesgue differentiation theorem for Borel measures)

Let v be a regular signed or complex Borel measure on RY and let
dv =du + f d\y be the Lebesgue—Radon—Nikodym decomposition. Then
for Ag-a.e. x € RY we have

=f(x), and lim w(E:) =0,

lim v(E)
r—0 )\d(E,)

r—0 )\d(Er)

for every family (E,);~o C RY that shrinks nicely to x € RY.

Proof. It is not difficult to see that d|v| = d|u| + |f| dAg so the regularity
of v implies the regularity of both x and f d\y4.
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Hardy-Littlewood maximal function

Proof
e Since f € L _(R?) so in view of the previous theorem it suffices to
prove that if j is regular and p L Ay, then for a.e. x € RY we have
jim 2UE) g
r—0 )\d(Er)

e It also suffices to take B, = B(x, r) and assume p is positive since for
some o > 0 we have

’ m(Er)
Aa(Er)

e Assuming that i > 0 let A € Bor(R9) such that u(A) = A\y(A°) =0

and let (B(x.r)) )
) w(B(x, r
Fr=9x€A:limsup———=5 > — .
‘ { AP VICIENS) k}
o We shall show that Ay(Fx) = 0 for all k € N and we will be done.
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Proof

@ By regularity of u given € > 0 there is an open U; O A such that
pu(Ue) < e.
e Each x € Fy is the center of a ball B, C U- and pu(Bx) > Ag(Bx)k™*.

e By Vitali's covering argument if V. = J,.f, Bx and ¢ < A4(V;) there
are xi,...,xy such that By, ..., By are disjoint and

J J
c <39 "Ag(By) <37k > p(By) < 3%ku(Ve)
j=1 j=1

< 39%pu(U.) < 3%e.

o We conclude that A\y(V.) < 3%e and since F, C V. and € > 0 is
arbitrary then A\y(Fx) = 0. O
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