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Algebras

Let X be a nonempty set, and let P(X) be its power set.

Algebra
An algebra of sets on X is a collection A C P(X) that satisfies
Q A#0.
@ If E € A, then E€ € A (closed under complements).
Q If E1,Ey, ..., Ey € A, then UJN:1 E; € A (closed under finite unions).

v

Example
A ={0,X,E,E} is an algebra.
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o-Algebras

o-Algebra
A o-algebra of sets on X is a collection A C P(X) that satisfies

Q A#0.

@ If E € A, then E€ € A, (closed under complements).

Q If E1, B, ... € A, then [JZ, Ej € A, (closed under infinite unions).
The pair (X, .A) is then called a measurable space.

Examples

e If X is any set then {(), X} and P(X) are o-algebras.
o If X is uncountable, then

A={E C X : E is countable or E is countable}

is o-algebra of countable and co-countable sets.
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Basic concepts of measure theory

Remarks

@ Algebras (resp. o-algebras) are also closed under finite (resp.

countable) intersections, since (Uj’il E) = N2 Ef-

o If Ais an algebra, then ) € A and X € A. Take E € A # (), then
E€ € A, and consequently ) = ENE € Aand X = EUE° € A.

@ An algebra A is a o-algebra provided it is closed under countable
disjoint unions. Indeed, let F; = E; and

k—1 k—1 ¢
Fk:Ek\<UEj> :Ekm<UEj) forany k€ N.
j=1 j=1
Then the Fj's belong to A and are disjoint, and
Je=U#
j=1 j=1

@ The intersection of any family of o-algebras on X is again a o-algebra.
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o-algebras generated by £

o-algebra generated by £
If £ C P(X), then
o(€) = N A

ADE
A is a o-algebra

is the smallest o-algebra containing &.

e o(&) is called the o-algebra generated by £ and is unique.

Example
The family £ = {{x} : x € X} generates

o0(€) ={E C X : E is countable or E€ is countable}.
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Basic concepts of measure theory

Lemma

Lemma

If £ C o(F), then o(&) C o(F).

Proof.
We know that

o(€) = N  ACo(F)
ADE
A is a o-algebra

It is also easy to see that o(£) = o(c(E)). Indeed,

doE)= () ACo(E) Calol))
ADo(€)
A is a o-algebra
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Borel sets and F, and Gj sets

Borel sets

If X is any metric space, or more generally any topological space, the
o-algebra generated by the family of open sets in X (or, equivalently, by
the family of closed sets in X) is called the Borel o-algebra on X and is
denoted by

Bor(X) C P(X).

Its members are called Borel sets.

Fo, and Gj sets
@ A countable intersection of open sets is called a Gj set.
@ A countable union of closed sets is called an F, set.

© A countable union of Gj set is called a G, set.

@ A countable intersection of F, sets is called an F,; sets.
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Basic concepts of measure theory

Bor(RR) and various generating sets

Problem 1

Prove that Bor(RR) is generated by each of the following:
© the open intervals: &1 = {(a,b) : a < b};
@ the closed intervals: & = {[a, b] : a < b};
© the half-open intervals:

&={(abl:a<b} or & ={[ab):a<b}
@ the open rays:
& ={(a,0):a€R} or & ={(—~00,a):acR};
© the closed rays:
& ={la,0):aeR} or & ={(—o0,a]:acR}.
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Basic concepts of measure theory

Product o-algebra

Definition of the product o-algebra

Let (Xa)aea be an indexed collection of nonempty sets, X =[] ca Xa,
and m, : X — X, the coordinate maps. If A, is a o-algebra on X, for
each « € A, the product c-algebra on X is the o-algebra generated by

{7 Es] : Ea € Aa, o € A}
We denote this o-algebra by ®aeA A,. In other words,

Q) Ao =0 ({r; [Ea] : Ea € Aa, a € A}).

a€cA

If A={1,...,n}, we write 41 @ Ar ® ... ® A,.
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Proposition

Proposition

If Ais countable, then .4 A« is the o-algebra generated by

{]] Es: Ea € Au}.

acA

Proof. Let
E={m'Es] : En € Ay, o€ A},
and

F={]] Ex:Eac A}

a€cA
By the definition o(€) = @ e Aa-
o We first show that £ C F C o(F), this will imply o(€) C o(F).
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Proof

Indeed, if 7, 1[E,] € € for some o € A and E,, € A,, then

6] = [ B

BeA

where Eg = Xj for o # 3. Thus 7, '[E,] € F as desired.

@ We now show that o(F) C o(&). Is suffices to prove that F C o(£).

Note that
Fo [l E= () matlEa] € 0 (E).
acA a€cA
The fact that A is countable, is essential in the argument. O
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Proposition

Proposition

Suppose that A, = 0(&,) for any o € A. Then &), 4 A is generated by
Fi={n Y Es] : Ea € Ea, a € A}

If Ais countable and X, € &, for any a € A, then )4 Aq is generated
by

Fo={]] E: Ea €&}

acA

Proof. We have

o(F1) Co ({m, [Ea] : Ea € Aa, @ € A}) = (X) A
a€EA
We have to prove that @ .4 Aa € o(F1).
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Proof

@ For each o € A, consider the collection
Go = {E C Xo: 1 [E] € o(F1)}
@ By the definition of F; we have &, C G,, since
o [E] € o(F1)

forall E € &, and o € A.
@ One can easily show that G, is a o-algebra on X,. Why?

@ Hence G, is a o-algebra containing &, thus A, = o(&,) C G, for all
a €A so {n;E.]: En € Aa, a € A} C o(F1) and consequently

Q) Aa =0 ({75 [Eal : Ea € Au, a € A}) C o(F1)
acA

as claimed. ]
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Basic concepts of measure theory

Borel sets on the Cartesian products
Problem 2

Let N € N and Xi,..., Xy be metric spaces and let X = ]_[JN:1 X; be
equipped with the product metric. Then show that

® Bor(X;) C Bor(X).

If the Xj's are separable, then prove that

® Bor(X;) = Bor(X).

What can be said if N = co?
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Basic concepts of measure theory

Semi-algebras

Semi-algebras

A semi-algebra of sets on X is a collection Z C P(X) such that
Q lez,

Q@ IfE.FecZ then ENF eI,
© if E € Z, then E€ is a finite disjoint union of members of 7.

Examples

@ A family containing (), R and all closed-open intervals [a, b) with
—o00 < a< b< oo is asemi-algebra.

@ A family containing (), R and all open-closed intervals (a, b] with
—o00 < a< b< oo is asemi-algebra.

o If we consider two measurable spaces (X, .A) and (Y, B) then the set
AxB={AxB:A¢c Aand B € B} is a semi-algebra.
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Basic concepts of measure theory

Proposition

Proposition

If Z is a semi-algebra, the collection A of finite disjoint unions of members
of Z is an algebra.

Proof. If A, B € A we first show that AU B € A. Note that

J

B =G,

j=1

where C; € T are disjoint. Then

J
A\B:UAerA

j=1
thus AUB=(A\B)UB € A.
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Proof

@ By induction one can easily show that if A1, A, ..., A, € A, then

n
U Aj e A
j=1

@ We now show that if A € A, then A€ € A. If A€ A, then it can be
represented as a disjoint union of the elements from Z, i.e.

A=AIUAU...UA,,

where A1, Ag,..., Ay, € Z and
Im )
A, =B
j=1

for every m € {1,2,...,n} with disjoint members BL ... BJm of T.
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Proof

Finally, one sees that

o (O

m=

A

m=1

n Jn
_ J
- Ush
m=1j=1
h b

S e nL_Jl(Bﬂ NBEN..NBY),

J1i=1j=1

where the last sum is disjoint. Thus A is an algebra as claimed. Ol
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Basic concepts of measure theory

Intervals

@ Let J, be the collection of all open intervals in R:
Jo={(a,b): —0 < a< b<oo}U{D}.

@ Let J, be the collection of all closed-open intervals in R:
Joo ={[a,b) : —o0 < a< b< oo} U{0}.

@ Let Joc be the collection of all open-closed intervals in R:
Joc ={(a,b] : —o0 < a< b<oo}U{0}.

@ Let J. be the collection of all closed intervals in R:
Je=A{[a,b]: —c0 < a< b<oo}U{D}.

@ Let J=J,U Joe UJeo U Je be the collection of all intervals in R.
Lecture 2 Fall Semester 19/26



Rectangles

Finally, we define the family of all rectangles by
JA=J904 vyl v,
where

Jl={Eix...xEq:E,...,Egc )}y for (€{o,oc,co,c}.

o In other words, J9, 9., J  J9, are, respectively, the families of open,
open-closed, closed-open, and closed rectangles in RY.

Problem 3

Show that both JZ. and J9 are semi-algebras.
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Basic concepts of measure theory

Preimages and o-algebras

Problem 4
Let X and Y be sets and let f : X — Y be a function.
@ Let X be a o-algebra of subsets of X. Show that

{(FCY: fFlex}

is a o-algebra of subsets of Y.

@ Let T be a o-algebra of subsets of Y. Show that {f~![F]: F € £} is
a o-algebra of subsets of X.

Problem 5

Let X be a set and £ C P(X). Suppose that Y is another set and
f:Y — X a function. Show that {f~1[E]: E € o(&)} is the o-algebra of
subsets of Y generated by {f 1[E]: E € £}.
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Bor(X) for a metric space X

Problem 6

Show that the Borel o-algebra Bor(X) of a metric space X equals the
smallest family B C P(X) that contains
@ all open subsets of X and is closed under countable intersections and
countable unions;

@ all closed subsets of X and is closed under countable intersections and
countable unions;

© all open subsets of X and is closed under countable intersections and
countable disjoint unions.
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Basic concepts of measure theory

Monotone classes

Monotone class
A collection M C P(X) is called a monotone class if
@ whenever (Ep)pey C M and E; D E; D ..., then (72, E, € M,
(closed under nonincreasing intersections)

@ whenever (Ep)pey € M and E; C E; C ..., then |72, Ep € M,
(closed under nondecreasing unions).

Problem 7

Prove that the intersection of all monotone classes containing £ C P(X)
is a unique smallest monotone class containing £.

Problem 8
Show that if A is an algebra on X, then the smallest monotone class
containing A equals o(A).
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Basic concepts of measure theory

o-algebras generated by finite families

Let £ = {Eq,..., E,} be a finite collection of distinct, but not necessarily
disjoint, subsets of X. Let D be the collection of all subsets of X of the
form

Fin...NF,, where F;€{E,Ef} foreach i€ {l,..., n},

and let U be the collection of all finite unions of members of D, where the
empty union is understood to be ().

Problem 9
© Show that D has at most 2" distinct members.

@ Show that ¢(€) =U.
@ Show that U/ has at most 22" distinct members.
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Basic concepts of measure theory

o-algebras and their properties

Problem 10
Let M be an infinite o-algebra. Show that

@ M contains an infinite sequence of nonempty pairwise disjoint sets;

Q card(M) > «c.

Problem 11

Let A be a o-algebra on X and suppose that a set S C X does not belong
to A. Show that o(AU{S}) ={(ANS)U(BNS°): A BeA}.

v

Problem 12
Let £ C P(X) and let M = o(&). Show that
M= |J o)

FCE
F is countable

(Hint: show that the right-hand side is a o-algebra.)
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m-systems and \-systems

Let X be a nonempty set.

mT-system

A collection 1 C P(X) is a m-system of subsets of X if it satisfies
O N+#o,
@ if A,BcTl, then ANB .

A-system

A collection A C P(X) is a A-system of subsets of X if it satisfies
QO X e,
Q@ if A, BeAand AC B, then B\ A€ A,
© if (An)nen CAand A; C Ay C ..., then U2, As €A

Problem 13
Show that if D is a A-system containing a m-system A, then o(A) C D.
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