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Infinite products of measures

Basic fact on countable additivity
Proposition

Let 1 be an additive finite set function on an algebra of sets A. Then the
following conditions are equivalent:

(a) the function p is countably additive,

(b) the function  is continuous at zero in the following sense: if

(An)nen C A is a decreasing sequence of sets ( Apy1 C A, for all
nec N) Wlth ﬂnENAn = @r then

lim u(Ap) =0.

n—oo

Proof of (a) = (b). Let y be countably additive and let (Ap)neny C A

decrease monotonically to the empty set. Set B, = A, \ Ap+1 € A. The
sets B, are disjoint and their union is A;. Note that

(A1) = i(Br) < oo.

keN
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Proof

Hence -
i 1(An) = Jim > 11(Bi) =0
=n

and (b) follows.

Proof of (b) = (a). Let (Bn)nen C A be a sequence of disjoint sets
such that |J,,.y Bn = B € A. Define

n
An=B\JBre A
k=1
It is clear that (A,)nen C A forms a decreasing sequence of sets such that
Npen An = 0. By (b) we have lim,_, 11(A,) = 0. By finite additivity this
in turn means that

lim > u(Bi) = u(B).
k=1

Here we also used finiteness of p. Ol
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Infinite products of measures

Basic fact on product o-algebras

Product o-algebra

Let (Xa)aea be an indexed collection of nonempty sets, X =[] ca Xa,
and m, : X — X, the coordinate maps. If A, is a o-algebra on X, for
each « € A, the product c-algebra on X is the o-algebra generated by

{7 Es] : Ea € Aa, o € A}
We denote this o-algebra by ®aeA A,. In other words,

Q) Ao =0 ({r; [Ea] : Ea € Aa, a € A}).

a€cA

If A={1,...,n}, we write 41 @ Ar ® ... ® A,.
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Infinite products of measures

Proposition

Proposition

One has
X) Ao =0 (F),
acA

where

k
f:{ﬂn;jl[Eaj]:EaleAal,...,EakeAak, at,...,ax €A, keN}.

j=1

Proof. Let
E={n Eu] : En € Aa, o € A}.

@ By the definition 0(£) = @ ca Aa-
@ Obviously & C F C o(F), which implies o(€) C o(F).
@ It is easy to see that F C o(€), hence o(F) C o(&), which gives
o(F) = o(&) as desired. O
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Infinite products of measures

Infinite products of measures
Let {(Xu, Aas o) : o € A} be a family of probability spaces.

Remark
@ By the previous proposition we know that @ c 4 Aa = 0(F), where

{ﬂw [Ea]: Eay € Anys - Eay € Anyy 01,k € A, keN}.

o In other words X aca Aa is generated by sets of the form [ 4 Aa.
where only finitely many A, may differ from X,. Sets of such a form

are called cylidrical or cylinders.
@ Our goal is to define a product measure p on X =[] .4 X, paired
with the o-algebra &), 4 Aa such that

k k
= Qua(Eay) if E=(7 Es] €F
j=1

Jj=1
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Infinite products of measures

Countable products
We start with a countable set A. Let

En={Cx [[Xnj: Ce @A}
i=1

j=1

@ Then

A=Jé&

neN
is an algebra, and it is not difficult to show that

R Ao = o (A).
acA
o We define a set function p : A — [0,1] by setting

o0
WA =1 ® ... up(C) for A=Cx HX"+j € &n.
j=1
@ We show that p is well-defined on A.
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(1 is well-defined on A

o If A=C x Hj’il Xntj € €y is regarded as an element of & with
k > n, then it can be written as a set

00
E'ZI(C X Xp+1 X...><)QJ X I]}kajéfgk

j=1
Then we have
k
WE)=me...om(Cx [[ X)=me. . .®u(C)=puA),
Jj=n+1
since
1 (Xnt1) = .. = k(X)) = 1.

@ 4 is countably additive on @), A; for each n € N, thus it finitely
additivity on A.
@ We now show that p is a premeasure on A.
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Countable additivity of

Theorem

Let {(Xa, Aas fta) : @« € A} be a countable family of probability spaces.
The set function i on the algebra A is a premeasure and hence it can be
uniquely extended to a measure on o(A) = @ ,ca Aa-

Proof. It suffices to show that u is countably additive on the algebra A.
Then by the Carathéodory extension theorem it can be uniquely extended
to a countably additive measure on o(A) = ®,caAa-

@ To prove that p is countably additive on the algebra A we take a

decreasing sequence (Ap)nen C A of sets such that (), oy An =0, we
have to show that

lim p(Ap) =0.

n—o0

@ Suppose for a contradiction that p(A,) > € > 0 for all n € N. We will
show that (o An # 0, which is impossible!
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Proof

o Let A" denote the algebra of sets in H?inﬂ X; defined by analogy
with A and let (" be the set function on A corresponding to the
product of the measures pny1, fint2, - .. by analogy with p.

@ By the properties of finite products it follows that, for every set
A € A and every fixed (x1,...,xn) € [17_; Xi, the section

o0
AL X — {(zn+1,z,,+2, .)€ H Xio (X1, oy Xny Znt1,-..) € A}
i=n+1

belongs to A and the function
H Xi = (Xl, . ,Xn) = ,u(n)(AXI""’X")
i=1

is measurable with respect to @, A;.
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Proof

o Let
Bf = {x1 € X1 : pM (A7) > ¢/2}.
o Then Bf € A; and 1(B¥) > ¢/2, which follows by Fubini's theorem
for finite products and the inequality p(Ax) > € for all k € N.

o Indeed, Ax = Gy x [[Z,, 1 X; for some m € N, whence one has
w(Ak) = Q@ 11i(Cm). By Fubini's theorem we obtain

€
e < u(Ax) < m(Br) + Eul(Xl\Bf) < p1(By) +¢/2

which yields the necessary estimate.
o The sequence of sets (Bf)en is decreasing and

Bl = m B]l.< 7&07
keN

since p1 is a measure on Xj and ,ul(B{‘) > €/2 for all k € N.
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Proof

@ We fix an arbitrary point x; € B; and repeat the described procedure
for the decreasing sets A}' in place of Ay. This is possible, since
pM(A%) > ¢/2. We obtain a point xo € Xy such that
pP) (A7) > ¢ /4 for all k € N. We continue this process inductively.

o After the n-th step we obtain (xi,...,x,) € [[7_; X such that
p(M (ALY > €277 for all k € N. Our construction can be
continued, yielding a point x = (xy, ..., Xp,...) belonging to all Ag.

@ Indeed, fix k € N and write A, = G, X Hj’imHXj for some m € N.
The set Aj*™ £ (), so there exists (zm41, Zm+2,.-.) € H?imH X;

such that

(X1 -+ oy Xmy Zmt1s Zms2, - - -) € Ak,
implying (x1,...,Xm) € Cyn and since (Xmt1, Xmt2,--.) € Hf'imHXj,
thus (X1, ..., Xm, Xm+1, Xm+2, - - .) € Ax and we are done.
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Arbitrary products

Proposition
One has @ ,ca Ao = o(F), where

F= { (7o Eay] : Eay € Ay, Eay € Aag, ..., and (ay)jen C A}.
j=1

In other words, @, Aq is generated by sets of the form [] .4 Aa,
where only countably many A, may differ from X,.

Proof. By the definition 0(€) = @, Aa, Where
E={nYE.]: Es € Ay, a € A}.

@ Obviously &€ C F C o(F), which implies o(E) C o(F).
@ It is easy to see that F C o(€), hence o(F) C o(&), which gives
o(F) = o(€) as desired. O
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Infinite products of measures

Extension to uncountable A

We fix an arbitrary uncountable index set A.
@ By the previous proposition we know that @ c 4 Ao = (F), where

= { (V7o 1Ees] : By € Aay, Eay € Auys o, and (ag)jen € A}
j=1

@ Thus

®"40& = U O-(f(aj)jgN)7

acA (a)jenCA

where
aj)JEN = { ﬂ T 1[EOCJ] qu € AOL17 EO[2 S Aa2, Ce. }

o It is easy to verify that U(a_),ENcA 0(F(ay);en) is @ o-algebra.
J7) =
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Infinite products of measures

Arbitrary product measure spaces

Theorem (Infinite product measure theorem (IPMT))

Let {( X, Aas lta) - o« € A} be a family of probability spaces. Then there
exists a product measure on the product space (] ],ca Xa, QacaAa)-

Proof. By the previous discussion we define 1 : @, Aa — [0,1] by

p(A) = ®,uan(A)’ if A€ O-(‘F(Oén)nEN)

neN

for some (ap)neny C A, since

®Aa: U o (Flay)

jeN)'
€A (aj)jenCA

By the previous theorem p is well-defined measure. It will be denoted by
& aca ta and called the product measure on (J],ca Xar @qca Aa)-

(Graduate Real Analysis)
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Approximating classes and compact classes

Approximating classes and compact classes

Definition (Compact classes)

A family KC of subsets of a set X is called a compact class for X if for any
(Kn)nen € K with (e Kn = 0, there is m € N such that (), K, = 0.

Theorem (Approximating compact classes)
Let ;v be a nonnegative additive set function on an algebra A. Suppose
that there exists a compact class IC approximating v in the following
sense: for every A € A and every € > 0, there exist K. € K and A: € A
such that A C K. C A and u(A\ A:) < e. Then u is countably additive.
@ In particular, this is true if the compact class K is contained in A and
for any A € A one has the equality

w(A) =sup{u(K): K C Aand K € K}.
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Approximating classes and compact classes

Proof. Suppose that (Ap)nen C A is a decreasing sequence of sets such
that (), An = 0, we have to show that lim,_, p(A,) = 0.
@ Fix ¢ > 0, then for every n € N there are K, € K and B, € A so that
B, C K, CA,and u(A,\ By) <e27".
o It is clear that (), ey Kn € Npeny An = 0. Hence there is m € N such
that (;_; Kn = 0, then (_; B, = 0. Note that

3
3

e Indeed, if x € Ay, then x € A, forall n < m. If x € J_1(An \ Bn),
then x & A, \ B, for all n < m, which means that x € B, for all
n < m, hence x € (\7__; B, = ), which is impossible!

@ Hence limpy_o0 1(Am) = 0, since

#Am) <D (A \By) <Y e27" <. O
n=1 n=1
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Approximating classes and compact classes

Basic properties of compact classes

Proposition

Let K be a compact class of subsets of a set X. Then the class K., of
finite unions of elements from IC is a compact class. Moreover, the class
K<s of countable intersections of finite unions of elements from IC is a
compact class as well.

Proof. It suffices to prove that K., is a compact class. Let

mj
A = U Kin,
n=1
where K , € K, be such that ﬂf‘zl A; # () for every k € N. Our aim is to

show that
ﬂ Ai # 0.

ieN
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Approximating classes and compact classes

o Let M =[];n([1,m]NZ). Let
k
My = {V = (vi)ien € M : ﬂ Kiv, # (ZJ}.
n=1

o Note that My # () for all k € N, which follows from the relation

k k
U N K, =) A #0.

veM i=1 i=1
@ Moreover, My 1 C Mj for all k € N. We prove that (), .y Mk # 0.
@ Then taking v € (), oy Mk we see that v € M for all k € N, hence
ﬂﬁzl Kiu, # 0, and consequently ()2, K, # () by the compactness
of K. This implies that (;cy Aj # 0, since

00 k k
(N Kiwe € U [V Kis =[)A#0 forall keN.
n=1 i=1

veM =1
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Approximating classes and compact classes

Proof
e To prove that [,y Mk # 0, we pick

(k) — (y,(,k)),,eN € M, forevery keN.
(

@ Since 1 < ynk) < m, for all n, k € N, then there exist infinitely many
indices k € N such that the numbers ugk) = p1 for some g € [1, my].
e By induction, we construct a sequence = (uj)ieny € M such that, for

every n € N, there exist infinitely many k € N with the property that
y,.(k) =u; forall ie{l,...,n}. (%)

Meka.

keN
We fix an arbitrary n € N and pick an integer k > n satisfying (*),

@ We show that

then 00 = (1, ..., 8, 00,0 ) € My € M. This means
that = (1, .-, tny ntls fnt2s - - -) € My, since the membership in
M,, is determined by the first n coordinates of a sequence. O
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Approximating classes and compact classes

Compact classes in products

Lemma

Let {(Xa, Aw) : @« € A} be a family of measurable spaces. Suppose that
for every o € A we are given a compact class K, for X,. Then, the class
C.os of countable intersections of finite unions of cylindrical sets from

Cz{(HKa)x< I1 xﬁ>;Kae/ca, aeFCA, |Fy<oo}
acF BEA\F

is compact as well.

Proof. By the previous proposition it suffices to verify the compactness for
Co={Kax I Xo:Ka€Ka acA},
peA\fa}

sinceC={CGiN...NCy: G,...,Ch€Co,neN}.
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Approximating classes and compact classes

Proof
o Let (Gj)jen C Co be a family of cylinders such that

G=KVx J] Xsec
peA\{a)

with K € K.
@ Setting S = {«; : i € N}, note that

N G=(] @) x(]] Xa), where Q.= ) K.
ieN a€S BESE Of’iNa

o If ;en G = 0, then so one of the sets @, = (). By the compactness
of the class IC,, there exists n € N such that Kc(xl) Nn...N Ké") = 0.

@ Then we have

Gn...nC,=0. L]
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Approximating classes and compact classes

Kolmogorov extension theorem

@ In many problems of measure theory and probability theory and their
applications, one has to construct measures on products of
measurable spaces that are more complicated than product measures.

@ Now we prove the principal result in this direction: the Kolmogorov
extension theorem on consistent probability distributions.

@ The original Kolmogorov's result was concerned with measures on
products of real lines. We present an abstract formulation that goes
back to E. Marczewski.

o Let T # (). Suppose that a family {(Q,B:) : t € T} of measurable
spaces is given. For every nonempty set A C T, we denote by

Q=[]0 and Br=(X) B

teA ten
the corresponding product space and product o-algebra, respectively.
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Kolmogorov extension theorem with Marczewski's proof

Theorem (Kolmogorov extension theorem (KET))
Let T # 0 and let {(Q, B, ) : t € T} be a family of probability spaces.

@ Suppose that for every finite sets Ny C Ay, the image of the measure
A, under the projection from Qp, to Sz, coincides with pup,, i.e.

MA2<E X H Qt> = up, (E)  forevery E € Bp,.
tG/\z\/\l

@ Moreover, suppose that for every t € T, the measure puy on By has an
approximating compact class IC; C B;.
Then, there exists a probability measure pu on (I ],c 1 Qe, @7 Bt) such
that the image of u under the natural projection from Q to Qp is up for
each finite set NC T, i.e

,u(E X H Qt> = upn(E) forevery E € Bp.
te T\A
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Approximating classes and compact classes

Proof. We construct a probability measure 1 on ([[,c7 Q2t, Qe 7 Bt),
which is called the projective limit of the measures up for finite A C T.

@ Every set B € Bq can be identified with the cylindrical set
Ch =B x Hte-,-\,\ Q;. It is clear that the set

A:{Bx [[ Q:BeBy ACT, y/\y<oo},
teT\A

forms an algebra generated by the semi-algebra of finite products
S:{<H3a> X( 11 Qt) :Ba €Ba, « €NCT, |/\\<oo}.
el tEA\A

@ On the algebra A, we define the set function by

u(Cp) = ua(B), whenever Cp = B x H Q;.
teT\A
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Approximating classes and compact classes

@ The consistency condition yields that p is well-defined, i.e. p(Cp) is
independent of the representation of Cp. Indeed, suppose that

Cr = B x H Q= B’ x H Q: = Cy
teT\A teT\N
for some finite A C A’ and B € Bp and B’ € Bj,. This implies that
B'=Bx [] @

teN\A

hence by the consistency condition we obtain that

1(Cn) = pn(B') = MN(B < 1] Qt) = pun(B) = u(Ca)-

teN\A

@ We verify the countable additivity of the set function i on the algebra
A. Note that every cylindrical set from A can be approximated from
inside by countable intersections of finite unions of products from S.
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Approximating classes and compact classes

Proof
@ By the previous lemma the class C.,, of finite unions of cylindrical
sets from
:{(HKQ) x ( I1 Qt>:KaeICa, aeNCA y/\\<oo}
acl te T\A

is compact. We prove that p on the algebra A is approximated by the

compact class C,.
® We show that for every B = ([],cp Ba) X (II;e\n$28) € S, and for
every £ > 0 there exists K = ([[,ep Ka) X (IT;e\n ©28) € C so that

w(B\ K) <e.

o For every o € A it suffices to find K, € K4 such that K, C B, and
to(Ba\Ka) < en~. Then we see that

B\K C | (Ba\Ka) x ] Q)

a€el teA\{a}
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Approximating classes and compact classes

@ This implies that

p(B\K) <> ua((Ba\Ka) x T Q) =D na(Ba\Ka) <¢

ae teA\{a} ael
which completes the proof. []

Remarks
@ It is clear that the Kolmogorov extension theorem is applicable if pip
are consistent Radon measures.
@ There is a very interesting construction (due to Andersen—Jessen) of a
consistent family of measures that has no Kolmogorov extension.
@ In particular, the Andersen—Jessen example shows that in (KET), in

contrast to (IPMT), the assumption that the measures p; on B;
have approximating compact classes Ky C B; cannot be omitted.
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Further remarks

Remarks

o Let {(Xy,Bor(Xy), pn) : n € N} be a family of probability Borel
spaces, where (Xj)nen is a sequence of second countable metric

spaces. If X =[], oy Xn, then

Bor(X) = (X) Bor(X,),

and the product measure ),y 4n is in fact defined on Bor(X).

@ In general case, if {(X,, Bor(Xy,), tta) : @ € A} is a family of
probability Borel spaces and X =[] .4 Xa, the best what can be
said is that

®Bor(Xa) C Bor(X),

a€A
and in fact Bor(X) may be much larger than the left hand side.
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Approximating classes and compact classes

Example

Example

o Let X =RI0>) = [T:cqo,00) Xe» where Xy =R for all t € [0,00). In
this case Bor(X) is strictly larger than the product o-algebra, and

® Bor(X;) C Bor(X).

te[0,00)

@ One can easily show that C(]0,0),R), the space of all real-valued
continuous functions on [0, 00), is an Fs set, thus

C([0,0),R) € Bor(X). Justify this!
But on the other hand

C([0,00),R) ¢ Q) Bor(Xe).  Justify this!
te[0,00)
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