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Measure-preserving transformations

Measure-preserving systems

Definition
Suppose that (X1, M1, 1) and (X2, M2, p12) are two measure spaces.
@ A transformation T : X; — X5 is measurable if

TUE] € My forevery E € Mo.

@ A transformation T : X; — X, is measure-preserving if T is
measurable and

p1(TYE]) = po(E)  for every E € Mo.

© We say that T : X; — X3 is an invertible measure-preserving
transformation if T is measure-preserving, bijective, and T 1is also
measure-preserving.
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Measure-preserving transformations

Examples of measure-preserving systems

@ The integer shift system: (Z,P(Z),|-|,S) with S : Z — Z given by
S(x)=x+1.

@ The circle rotation system: (T, £(T),dx, R,) with the rotation
map Ry : T — T by Ry(x) = x+ a (mod 1) for « € R\ Q.

@ The circle-doubling system: (T, £(T),dx, D2) with the doubling
map D, : T — T given by Dy(x) = 2x (mod 1).

O The continued fraction system: ([0, 1), £([0, 1)), i, T) with the
Gauss measure

1 dx
WA) =15 :
0g2 A 1 + X
and continued fraction map T :[0,1) — [0,1) given by T(0) =0 and
1
T(x)== (mod 1), when x # 0.
X
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Bernoulli shift

@ Define the measure v on {0, 1} by setting v({0}) = v({1}) = 1/2.

o Let X = {0,1}" with p = @,y V. The space (X,Bor(X),p) is a
natural model for the set of possible outcomes of an infinitely
repeated toss of a fair coin. The left shift map o : X — X defined by
o(x0,x1,...) = (x1,%2,...) preserves .

@ The map ¢ : X — T defined by

0o

X

gf)(Xo,Xl,...):E Znil
n=0

is measure-preserving from (X, Bor(X), 1) to (T, £(T), dx) and
¢(o(x)) = Da(¢(x)) = {26(x)}-

@ The map ¢ has a measurable inverse defined on all but the countable
set of dyadic rationals, so this shows that (X, Bor(X), i, o) and
(T, £(T), dx, D;) are measurably isomorphic.
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Unitary operators

o Let (X, M, u, T) be a measure-preserving system.
o Define Ut : L2(X, ) — L2(X,p) by Urf = fo T. Then

(Urh,Urh) = /

o T fo Tdu— [ fifidn = (.5)

X X
since p is T-invariant.

o Thus, Ut is an isometry from L2(X, i) into L2(X, ;1) whenever
(X, M, u, T) is a measure preserving system.

o If U: Hy — H, is a continuous linear operator from one Hilbert space
to another, then the relation (Uf, g) = (f, U*g) defines the adjoint
operator U* : Hy — Hs.

@ The operator U is an isometry, i.e., |[Uh||n, = ||h||n, for all h € Hy if
and only if U*U = Iy, and UU* = Pg(y) (the projection onto R(U)).

@ In conclusion, for any measure-preserving transformation T, the
associated operator Ut is an isometry, and, if T is invertible, then Ut
is a unitary operator, sometimes called the Koopman operator of T.
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Measure-preserving transformations

von Neumann ergodic theorem, revised

Theorem

Let (X, M, u, T) be a measure-preserving system and let Pt be the
orthogonal projection onto the closed subspace

I ={gecl®X,u): Urg =g}

Then, for any f € L2(X,u), one has

1 M=t 1 V=t
ng n : 2
N UTf_NZfOT mPTf n L(X,/,L)
n=0 n=
Proof.
We apply the von Neumann ergodic theorem for the Koopman operator,
which is the unitary operator Uf = Urf =fo T. 0J

(Graduate Real Analysis) Lecture 23 Fall Semester 6/36



Measure-preserving transformations

Poincaré recurrence theorem

Theorem (Poincaré recurrence theorem)

Let (X, M, u, T) be a measure-preserving system with p(X) < co. Let
EeM with p(E)>0.

Then almost all points of E return to E infinitely often under positive
iteration by T: there is F € M with F C E and p(E) = p(F) such that,
for each x € F, there is a sequence ny < ny < ... with T"ix € F for all

i € N. In particular, pn(E N T~"[E]) > O for infinitely many n € N.
Proof. For N >0, let Ey = J,Zn T~ "[E]. Then (g En is the set of
all points of X that enter E infinitely often under positive iteration by T.
Define

F=En ﬂ En.
N>0

We will show that p(E) = w(F), and the other properties are clear.
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Measure-preserving transformations

e Since Ey = ;2 y T "[E], note that

T'EN] = U T~"Y[E] = Ens1 C En.
n=N
Moreover, u(Eni1) = u( T 2[En]) = u(En), since T preserves .

Hence, i(En \ En+1) = p(En) — p(Eny1) = 0.
By the continuity and finiteness of 1 we have

u(F) = n( (V(ENEn)) = lim u(E N En).
N=0

But w(E N En) = p(E N Eny1) since u(En \ En+1) = 0 and
Eny1 C En. Thus, p(E N Exn) = u(E N Ey) and
w(F) = lim pu(ENEn) = p(E N E) = p(E),

since E C Eg =2 T~ "[E]. O
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Ergodicity

Definition
A measure-preserving transformation T : X — X of a measure space
(X, M, p) is called ergodic if, for any B € M, the following holds

wW(THB]JAB)=0 = w(B)=0 or u(B)=0.

Remark

Ergodicity says that it is impossible to split X into two subsets of positive
measure, each of which is invariant under T, if T is ergodic.

Theorem

Let (X, M, u, T) be a measure-preserving system. Then the following
Statements are equivalent:

(i) T is ergodic.
(i) For f : X — C measurable, f o T = f almost everywhere implies that
f = const almost everywhere.
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Proof

Proof (ii) = (i). Suppose that A € M and u(T[A]JAA) =0. Then
w(THAJAA) =0 <<= T140T =14 almost everywhere.

By (ii), 14 is T-invariant almost everywhere, so 14 = const € {0,1}
almost everywhere, so p(A) =0 or u(A°) =0. O
Proof (i) = (ii). Let ¥ : X — C be measurable and f o T = f almost
everywhere. We may assume without loss of generality that f : X — R.
@ Suppose for a contradiction that f is not constant, which means that
there is r € R such that

w(E)u(EfF) >0, where E, ={xeX:f(x)>r}eM.

@ Since f o T = f almost everywhere, then u(T![E,]AE,) = 0 for
each r € R. Thus p(E;) =0 or u(ES) = 0 for each r € R, which is
impossible! Thus f must be constant almost everywhere. O
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Ergodicity

Equivalent forms of ergodicity

Theorem

The following are equivalent properties for a measure-preserving
transformation T of a probability measure space (X, M, p).

Q@ For Ac M, T7Y[A] = A implies u(A) € {0,1}.
@ For Be M, u(T7YB]AB) =0 implies u(B) € {0,1}. (Ergodicity).
© For Ae M, u(A) > 0 implies that

o
u( U T‘”[A]) =1.
n=1
Q For A,B e M, u(A)u(B) > 0 implies that there exists n € N with

W(T~"[A] N B) > 0.
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Proof

Proof (1) = (2). Assume that T is ergodic and let B € M with
w(THB]AB) = 0.
Although B may not be T-invariant, the idea is to construct a T-invariant
set C with the same measure as B.
o Let Cy =2y T "[B] and C =y Cn. For any N > 0, we have

BACy C [j BAT™"[B].
n=N
@ Using that UAV C UAW U WAV, we write
BAT"[B] C U T [BIAT-(+B],
i=0
and this has measure zero, since

W(T[BIAT D [B]) = u(BATH[B]) = 0.
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Proof

@ Therefore, (BACy) =0 for each N > 0. Since G2 G 2 G D ...,
we conclude p(BAC) =0, and consequently p(B) = p(C). Then

Tl = ﬁ G T-([B] = ﬁ G T~"[B] = C.

N=0 n=N N=0 n=N+1
@ Hence, T71[C] = C, so u(C) € {0,1} by ergodicity of T. Therefore,
wu(B) € {0,1} as desired. O
Proof (2) = (3). Let A be a set with p(A) > 0 and let

B = [j T "[A].
n=1
Then T~Y[B] C B and (T YB]) = u(B), so u(TL[B]AB) =0,

implying u(B) € {0,1}. Since T~1[A] C B, we deduce that u(B) =1. [J
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Proof

Proof (3) = (4). Let A, B € M be sets of positive measure. By (3),

w(Unzr T7"A]) =1, so
0< u(B U BN T "A]) <) u(BN T [A)).
n=1
Thus, there must be some n € N such that
w(BN T "[A]) > 0. O
Proof (4) = (1). Let A€ M and T ![A] = A. Then
0=w(ANA") =u(T "[A]NA°) forall n>1

Thus, u(A) =0 or u(A¢) = 0. Otherwise, this contradicts (4).
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Examples of ergodic maps

Theorem

The integer shift, circle-rotation, circle-doubling, Bernoulli shift and
continued fraction systems, are all ergodic.

Proof. Here we will use e(z) = e®™ for z € R.

e The integer shift: If f : Z — C is such that f(x + 1) = f(x) for all
X € Z, then is f is constant, since

f(x)=f(x+y)="Ff(y) forall x,yeZ.

o The circle-rotation system: Take f € L?(T) with f(x + ) = f(x)
for x € T and a € R\ Q. Then expanding f as a Fourier series

F(x) = cae(nx) = che(an)e(nx) = f(x + ).

nez neZ

Thus, ¢, = e(an)c, for all n € Z, but o € R\ Q, so e(an) # 1 for all

ne€ Z\{0}, soc,=0forall neZ\ {0} and f(x) = ¢y as desired.
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Proof

o The circle-doubling system: Similarly, take f € L?(T) with
f(2x) = f(x) for x € T. Then expanding f as a Fourier series

f(x) = Z cne(nx) = Z cne(2nx) = f(2x).
nezZ nez
Thus, ¢, = ¢, for all n € Z. If there is ¢, # 0 for some n = 0, then
Z |cnl? = o0,
=/
but on the other hand, by Parseval's identity we know that
S leal? = 172 < 0.
nezZ
Thus, f(x) = ¢p as desired.
@ The Bernoulli shift system: This system is ergodic since it is
measurably isomorphic to the circle-doubling system.

@ The continued fraction system: Exercise! 0J
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Total ergodicity

Definition
A measure-preserving system (X, M, u, T) is totally ergodic if, for every
n € N, the measure-preserving system (X, M, u, T") is ergodic.

@ The circle rotation system (T, £(T), dx, R.), Ra(x) = (x + &) mod 1
is totally ergodic if and only if « € R\ Q.

@ Let X = {0,1} be a two point space, M = {0, {0}, {1},{0,1}},
11(x) = 2(80(x) + 01(x)), and T(x) = x + 1 mod 2. This system is
ergodic since the only sets with measure in (0,1) are {0} and {1},
and neither is T-invariant. However, this system is not totally ergodic
since T2 is the identity map, so {0} and {1} are T2-invariant sets.

Remark

While this counterexample seems trivial, it turns out that finite systems
are, in some sense, the only obstruction to total ergodicity.
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Total ergodicity

Theorem

A measure-preserving system (X, M, u, T) is totally ergodic if and only if
the Koopman operator Urf = f o T admits no rational eigenvalues of the
form e(p/q) other than 1.

Proof of (=>). Assume that (X, M, u, T) is totally ergodic and suppose
that there are p € Z and g € Z such that e(p/q) is an eigenvalue for the
function f. Then

Urf =foT =e(p/q)f.

Thus, UTf = fo T9 = f, so f = const, so e(p/q) = 1. O
Proof of («<=). Conversely, suppose that (X, M, p, T) is not totally
ergodic. Then we let f to be a non-constant function such that

Ulf =fo T9=f for some g € N. Consider

q
Fi = e(—jk/q)f o TE.
k=1
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Totally ergodic systems

von Neumann's ergodic theorem for arithmetic progressions
Then

e(—jk/q)f o TK = gf o T9 = gf .

&MQ

p—l

o

k=
J < g such that F; is non-constant. Then

Thus, there is
q q+1
FioT =Y e(—jk/a)f o T*'' =e(j/q) ) _ e(—jk/a)f o T* = e(i/q)F;
k=1 k=2
Thus, F; is an eigenfunction with eigenvalue e(j/q). O

Theorem

Let (X, M, pu, T) be a measure-preserving system with u(X) =1. Then it
is totally ergodic if and only if, for every f € L2(X) and q,r € N, we have

lim fo (T9*rx) —/fd,u, in LX) (%)

N—)oo X
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Proof

Proof of («<=). If the system is not totally ergodic, then there exists
g € N and a non-constant f € L2(X) such that f(T9x) = f(x). Then (*)

implies that
N
f(x)=li f(T"x)= [ fe
AT N Z: 9= [

giving a contradiction!

Proof of (=>). Conversely, suppose that (X, M, p, T) is totally ergodic
and let f € [?(X) and g, r € N. Applying the mean ergodic theorem, we
see that

lim —» F(T9"'x)= lim —» f(T9(T"x)
Ninoo Z Ninoo Z

_ /X F(TTx)dp(x) = /X .

This completes the proof. []
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van der Corput's inequality in Hilbert spaces

Theorem (van der Corput’s inequality in Hilbert spaces)

Let (up)nen be a bounded sequence in a Hilbert space (H,|| - ||). Define a
sequence (Sp)nen of real numbers by

N

1
s :|imsup)— Untm, Un)|.
m Nesoo an:;< n+m n>
If
1 H=L
lim — =
Hinoo H Z Sh 0’
h=0
then

=0.

1 N
am [ 2
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Polynomial ergodic theorem
Theorem

Let (X, M, u, T) be a totally ergodic measure-preserving system with
w(X) =1. Let P € Z[n], and assume that T : X — X is invertible if P
takes negative values. Then, for any f € L?(X), we have

Nlinoo—Zf (TP /deu in [2(X). (%)

Proof. We proceed by induction on the degree of P. If P is linear, then
the result follows from the previous theorem. Assume that deg(P) > 2.
e Note that (*) holds for f if and only if it holds for f — ¢ for any ¢ € C.
o In particular, taking ¢ = [, fdu, we can assume that [, fdu = 0.
o Let u, = f(TP(Mx). We will use the van der Corput lemma to prove

. 2
A}inOONZun—O in  L2(X).
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Proof

@ Fix h € N and note that
<Un+ha un> = / f( TP(n-‘rh)X)f( TP(n)X)dM — <f o TP(n-i-h)—P(n), f>
X

@ Since Q(n) = P(n+ h) — P(n) is of lower degree than P, by the
induction hypothe5|s we have for every h € N that

lim —ZfoTP(”+h) Py =0 in  L*(X).

N—oo N

@ By the Cauchy—Schwarz inequality

o RS (n+h)—P(n)
=Y " fo TPIHHN=P) £ — 0,
(W2 )

1
Wy 2 (e o) = i,
n—=
@ This establishes the hypothesis of the van der Corput lemma, so

1 : 2
lim NZunzo in  L2(X). O
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Polynomial ergodic theorems

Polynomial recurrence theorem for totally ergodic systems

Corollary (Polynomial recurrence theorem for totally ergodic systems)

For any totally ergodic system (X, M, pu, T) with u(X) =1 and T
invertible, any A € M, P € Z[n], and € > 0, there exists n € N such that

W(AN T POLA]) > u(A)? —

Proof. From the previous theorem, we have

lim =) 1a(TF(x) A/]l
NT@OZA = u(A) XAdM

Thus, by the (DCT) we conclude

I lN]l TP, 1 _/ AV du = u(A)
Ni“w<,\,n2::1 Al x), La(x)) = XM( Ja(x)dp = p(A)”.
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Polynomial ergodic theorems

Polynomial Poincaré recurrence theorem

But
u(T=POAINA) = (a0 TP, 1),
Hence,
1 P(n) 2
/JTOON;“(T [AlNA) = u(A)>.

Consequently, for any € > 0, there is n € N such that
w(TPMA N A) > p(A)? —e. O

Theorem (Polynomial Poincaré recurrence theorem)

For any measure-preserving system (X, M, p, T) with u(X) =1, any
Ae M, e >0, and P € Z[n] with P(0), there exists n € N such that

u(AN T POLA]) > u(A) — e,

and we assume that T : X — X is invertible if P takes negative values.
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Decomposing L2(X)

Before we give a proof, consider the following subspaces of L2(X):
© The rational spectrum component

Hpat = {f € L2(X) : f o Tk = f for some k € N}.

@ The totally ergodic component

N
1
Hee = {f e L2(X): Jim HNZ fo Tk
n=1

—0forall ke N}.
12(x)

Observe that, for a totally ergodic system, H,,; consists only of constant
functions and H¢ contains every function with zero integral.
Proposition

For any measure-preserving system (X, M, p, T), the spaces Hyar and Hye
are orthogonal and

2
L (X) = Hrat @ Hte-
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Proof

Proof. Let f € L?(X) with f o Tk = f for some k € N and let g € Hee.
Then for all n € N, we have
(f,g) = (fo Tk, go Tk) (f,go Tk> ..=(f,go Tk").
Averaging over n, we have
N
. 1 kn\ __
(f.g) = A}gnoo<f,NnZ_;go T > =0,
by the Cauchy-Schwarz inequality, which implies that H,. C H;,

Conversely, let f € Hﬁ;t. For every k € N, H,,; contains the invariant
subspace I, of functions invariant under TX. Then f is orthogonal to I for
every k € N, in particular (f,1) =0, so, by the mean ergodic theorem,

N
. 1 kn __ _ _
NIEPOON;fo T _/deﬂ_ (f,1) =0,
so f € Hge, so H,at C H;e. Hence, H,at = H;e as claimed. O
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Polynomial ergodic theorems

Proof of the polynomial Poincaré recurrence theorem

Theorem (Polynomial Poincaré recurrence theorem)

For any measure-preserving system (X, M, u, T) with u(X) =1, any
Ae M, e >0, and P € Z[n] with P(0), there exists n € N such that

W(ANTPOLA]) > u(A) — e,

and we assume that T : X — X is invertible if P takes negative values.

Proof. Let A € M. Decompose 14 =f + g for some f € H,ot, g € Hye
with f L g. Since H,,; contains the constants we have 1 L g. Thus by
the Cauchy-Schwarz inequality we obtain
(La, f) = (f +g.F) = |[fII> 2 (f,1)* = (La — g,1)* = n(A)*.
Find h € H,a; such that ho TK = h for some k € N and ||f — h|| < /2
(since H,a is defined as a closure). It follows that
(La, h) > p(A)? —¢/2.
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Polynomial ergodic theorems

Proof

Since P(0) = 0, then Q(n) = P(kn) =0 mod k, and ho TR = h for all
k € N. By the van der Corput lemma, we have

lim — T
Ngnoo Zgo

since limy_yo0 7/ ZnN:1<fo TQ(”+'") foTQMY =
N

N
1
Jim NZ“ (AN T-QMA]) = Jim Z]IA,]leTQ ")y

for any m € N. Finally,

N
1
— i § Q(n Q(n

n=1
= (La, h) - lim <11A,NZ (f = h)o TN 4 g o T )>
> (1a, >*6/2>M(A) — €. 0
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Polynomial ergodic theorems

Furstenberg correspondence principle
Definition
Given a set A C N, its upper density is

d(A) = limsup N"HAN[1, N]|.

N—oo

O d(aN+b)=1foranyabeN.
9 d(P) = O where PP is the set of prime numbers.
d(S) = 5 where S is the set of square-free numbers.

Theorem (Furstenberg correspondence principle)

Given E C N, there exists a measure-preserving system (X, M, u, T) with
w(X) =1 and a set A € M with u(A) = d(E) such that, for every finite

F C N, we have
( N7 "[A]) < d( ﬂ s~ "[E])

neF
where S : 7 — Z is the integer shift defined by S(x) = x+ 1 for all x € Z.
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Proof

Proof. Let Ng = NU {0}, and define X = {0, 1}"0 with the Borel
o-algebra Bor(X). Let T : X — X be the shift map
T(Xn)neNo = (XnJrl)neNo-

Let A= {(xn)nen, € X : xo = 1}. All that remains is to construct the
measure. This will be a consequence of the Banach—Alaoglu theorem.

o Let (N,)jen be a sequence such that d(E) = limj_,oo %lj,\lf” Let
w = (wn)nen, € X be the indicator function of E, so

1 ifneeE,
wp =
0 ifné¢cE.
@ For each j € N, let 11 be the probability measure on (X, Bor(X))
defined by N
1 J
HJ = NJ nz_; 5T"w,

where d, is the Diract point mass at the point y € X.
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Polynomial ergodic theorems

Proof
@ Observe that
]Eﬂ[l Nl 1 Al

@ The sequence of probability measures (u;);jen defines bounded linear
functionals on the space C(X) of continuous functions on X by

Ni(f) = /x f(x)duj(x) forany f e C(X), andjeN.

o It is easy to see that |A;(f)| < |uj|||f]|oc, Where |pj| denotes the
variation of the measure pj and ||f|loc = sup,cx |f(X)].

@ Then we obtain that supjey [[Ajll(c(x))» < 1, since supjey || = 1.

e Finally, by the Banach—Alaoglu theorem there is a subsequence
(Jm)men € N and a linear functional A € (C(X))* such that

A(f) = Iij1 A, (f)  forany fe C(X).
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Proof

@ By the Riesz representation theorem, (which will be proved in 502),
we may deduce

/\(f):/xf(x)d,u(x) forany f e C(X),

for some probability measure p on X.
@ In particular,

u(A) = d(E).
@ To show that T preserves the measure p, recall that a cylinder set in
X is a set of the form {(x,)nen, € X : X0 = a0, ..., Xn = an} for some

neNand a,...,a, € {0,1}.

@ By the Stone-Weierstrass theorem, (which will be proved in 502),
finite linear combinations of indicator functions of cylinder sets form a
dense subset of C(X), so it suffices to show that

u(THB]) = u(B)
for every cylinder set B C X.
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Polynomial ergodic theorems

Proof
@ One can directly compute that |p;(B) — uj(T 1[B])] <2 #; when B is
a cylinder set, and this proves that (X, Bor(X), i, T) is a probability

measure-preserving system. We now prove that
u( N T—"[A]) < H( N 5—"[51).
neF neF

e For n € N, we have T™"[A] = {(Xn)nen, : Xo» = 1}. Thus, for a finite
F CNandj €N, we have

MJ(IQ__ T‘”[A]) = /\1/J{m €[L,N]: (T"w), =1 forall ne F}|
:i,|{m€[1,Nj]Im+n€EforallneF}|
7|{me[1 N meﬂ 7‘m5n[E] . ;.

neF neF
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Sarkoky—Furstenberg theorem

This completes the Furstenberg correspondence principle, since

(ﬂs ”[E]) > fim 7\ ﬂs "E] N1, N

neF

= Jim Mj( ﬂ T- ”[A]) —u< N7 ”[A]> 0
neF

Theorem (Sarkoky-Furstenberg theorem)

Let E C N be a set with positive upper Banach density and let P € Z[n]
with P(0) = 0. Then there exist x,y € E and n € N with x — y = P(n).

Proof. Fix P € Z[n] with P(0) = 0. By the Furstenberg correspondence
principle, there exists a measure-preserving system (X, M, u, T) with
pu(X) =1, and an invertible T : X — X and A € M such that

1(A) = d(E) > 0.
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Proof

Moreover, we have

d(STPIEINE) > w(An T-P[A)).
Now using the polynomial recurrence theorem with ¢ = %,LL(A)2 >0, i.e.
Theorem (Polynomial Poincaré recurrence theorem)
For any measure-preserving system (X, M, u, T) with u(X) =1, any
A€ M, e >0, and P € Z[n] with P(0), there exists n € N such that

W(ANTPOA]) > u(A)? —e,

and we assume that T : X — X is invertible if P takes negative values.

we obtain that
_ 1
d(SPMIEINE) > w(An T-PM[A]) > EM(A)2 >0

for some n € N, which in turn proves that there are x,y € E such that

x—y=P(n). O
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