Lecture 3

Set functions, measures and their properties

Graduate Real Analysis

Fall Semester

(Graduate Real Analysis) Lecture 3 Fall Semester 1/25



Finitely and countably additive set functions

Finitely and countably additive set functions

Let X be a set and let &/ C P(X) be such that § € U. Let v : U — [0, 0]
be a set function such that v(()) = 0. We say that the set function

@ v is finitely additive on I/ if for any disjoint finite collection of sets
A1, ..., A, €U such that UJ'-’Zl Aj € U we have

1/<JL_J1 Aj) => v(A).

j=1

@ v is countably additive on U/ if for any disjoint countable collection
of sets (An)nen C U such that [J7Z; A; € U we have

u<j:1 Aj> = ; v(A)).
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Finitely and countably subadditive set functions

Finitely and countably subadditive set functions

Let X be a set and let &/ C P(X) be such that § € U. Let v : U — [0, 0]
be a set function such that v(()) = 0. We say that the set function

@ v is finitely subadditive on I/ if for any finite collection of sets
A1, ..., A, €U such that UJ'-’Zl Aj € U we have

n n

1/< U Aj) <> (A,

j=1 j=1

@ v is countably subadditive on U/ if for any countable collection of
sets (An)nen € U such that Ufi1 Aj € U we have

u<j:1 Aj> < ; v(A)).
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Set functions and their properties

Some remarks

Remarks
Let X be a set and let & C P(X) be such that ) € U. Let v : U — [0, 0]
be a set function such that v((}) = 0.
@ Then it is easy to see that countable additivity implies finite additivity.
@ Indeed, if Aj,..., A, €U are disjoint such that Ujr":1 A; € U then one
can take A; = () for all j > n and note that

o0 n

v(JA) =v(lJA) = Z v(A) = v(A),

Jj=1 Jj=1 Jj=1 J=1

since v(Aj) = v(0) = 0 for all j > n.
@ Similar argument shows that countable subadditivity implies finite
subadditivity.
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Set functions and their properties

From finite to countable additivity

Problem 1

Let 4 be a finitely additive set function on an algebra of sets A such that
w(A) < oo for every A € A. Prove that the following conditions are
equivalent:

(a) the function p is countably additive,

(b) the function p is continuous at zero in the following sense: if
(An)nen C A is a decreasing sequence of sets (A,11 C A, for all
n € N) with (e An = 0, then

lim p(Ap) =0.

n—oo
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Set functions and their properties

From countable subadditivity to countable additivity

Problem 2

Let p: & — [0,00] be a set function on a semi-algebra £ of subsets of a
set X and p(0) = 0. Suppose that p is finitely additive on £ and let A be
the algebra that consists of all finite disjoint unions of members of £.

Define a set function po on A by setting
n
po(A) =>_ p(E)
i=1

for A=, Ej € A where Eq,...,E, € Eand E;NE; =0 if i # .

@ Prove that pg is a well-defined additive set function on A such that
po(P) =0and pp =pon &.

@ If additionally p is countably subadditive on £ then prove that pg is
countably additive on A.
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Volume function on R¢

Recall from the previous lecture that the family of all rectangles is given by
JA=J904 vyl v,

where J9, 9 J9 J9. are, respectively, the families of open, open-closed,
closed-open, and closed rectangles in RY.

Volume function on R¢

For I € J? we define the volume function v, : J9 — [0, 00] by

0 if | =0,
va(l) =volg(l) = S T (b — &) if (1) = [1%4 ), b,
00 otherwise.

For d = 1 the volume function v4 coincides with the length function on R.
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Set functions and their properties

The volume function is finitely additive

Definition
A union of rectangles is said to be almost disjoint if the interiors of the
rectangles are disjoint.

Lemma
If R = UJ’.':1 R; € J9 and Ry, ..., R, € J9 are almost disjoint, then

va(R) = va(R)).
j=1

Proof. We consider the grid formed by extending indefinitely the sides of
all rectangles Ry, ..., R, € J9.

@ This extension yields finitely many new rectangles §1, cee Rm € J9
and a partition Ji, ..., J, of the set {1,..., m} such that both unions
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Set functions and their properties

Proof

m
R = U’% and
j=1

are almost disjoint.

Rk = UI% for ke{l,...,n}

JEJk

R

Ry

Ry
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Proof

o For the rectangle R, for example, we see that vg(R) = > 7, va(R),
since the grid actually partitions the sides of R and each ﬁj consists
of taking products of the intervals in these partitions.

@ Thus when adding the volumes of the R; we are summing the
corresponding products of lengths of the intervals that arise. Since

this also holds for the other rectangles Ry, ..., R, we conclude that
va(R) =D va(R) =)D va(R) =) va(Ro). O
Jj=1 k=1 jeJy k=1
Problem 3

IfR=UL_, R € J9 and Ry, ..., R, € J9 are not necessarily disjoint, then

va(R) < S va(R)):
j=1
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Measurable spaces and measure spaces

Measurable space and sets

If X is a set and A C P(X) is a o-algebra, (X, .A) is called a measurable
space and the sets in A are called measurable sets.

Definition of a measure

Let (X,.A) be a measurable space. A measure on A (or on (X, A), or
simply on X if A is understood) is a function p : A — [0, 0] such that

O u(0) =0,
@ if (An)nen C A is a sequence of disjoint sets in A, then

p <,f—jl Aj) = iu(%\j)-

Measurable space
If v is a measure on (X, .A), then (X, A, 1) is called a measure space.
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Useful terminology
In other words, a measure i : A — [0, 00] on a o-algebra A is a countably
additive set function such that u(0)) = 0.

Terminology

Let (X,.A, 1) be a measure space.

Q If u(X) < oo, pis called finite. This immediately implies that
p(E) < oo for all E € A, since u(X) = p(E) + p(E®), .

Q If u(X) =1, p is called probability measure.

O If X =Ujey Ej, where E; € A and p(Ej) < oo foralljEN, pis
called o-finite.

O If for each E € A with p(E) = oo there exists F € A with F C E and
0 < p(F) < o0, w is called semifinite.
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Measures and their properties

Examples of measures

e Let X # () and fix xo € X. The Dirac delta measure on (X, P(X)) is
defined by

5 (E)— 0 iongE, ECX
YT 1 ifx € E, -

@ Let X # () be countable. The counting measure on (X, P(X)) is
defined by

wE) =Y 6(E), ECX
xeX

@ Let X be an infinite set, and define a set function on (X, P(X)) by

J(E) = 00 ?f E fs irn‘?nite, ECX.
0 if E is finite,

Then p is a finitely additive set function, which is not a measure.
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Measures and their properties

Examples of measures

@ Let X # () be a finite set. The normalized counting measure on
(X, P(X)) is defined by
1(E) = #1X D 6(E), ECX.
xeX
Then p(X) = 1, which means that p is a probability measure on X.
Problem 4

Let X be an uncountable set, and let

A ={E C X : E is countable or E€ is countable}

be the algebra of countable or co-countable sets. Define

1 if E is uncountable,

M(E):{ EcA

0 otherwise,

Show that (i is the measure on (X, A).
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Measures and their properties

Basic properties of measures

Theorem

Let (X,.A, 1) be a measure space.

@ (Monotonicity) If E,F € A and E C F, then u(E) < u(F).

@ (Subadditivity) If (Ej)jen C A, then (U2 E;) < 3772, u(E).
@ (Continuity from below) If (Ej)jen € A and E; C E; C ..., then

u(n[:jl En> = lim u(Ep).

@ (Continuity from above) If (Ej)jen € Aand E; D E; O ... and
p(Er) < oo, then

u( ﬁ En) = lim u(Ep).

n=1
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Proof: 1/2

Proof of (a). If E C F, then

u(F) = p(E) + u(F \ E) = pu(E). O

Proof of (b). Let F; = Ey and Fii1 = Eg1 \ UL Ej for k € N. Then
Fi's are disjoint and J_; F; = U], E; for all n € N. By (a) we have

M<UEn>=u<UFn)ZZM(Fn)SZu(En)- m

n=1 n=1 n=1 n=1

Proof of (c). Setting Ep = () we obtain

u(UEn> = En\ En1) = lim Zu i\ Ej-1) = lim u(Ey). O
n=0 n=1
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Proof: 2/2

Proof of (d). Let Fj; = E; \ Ej for j € N. Then F; C F, C ... and
(1) = p(Ej) + pu(Fj), and

o0 o0
UrR=&6\NE&
j=1 j=1

Then by (c) we conclude

([10) (e 1) +( D)
= lim (j(Ex) — p(En)).
Since u(E1) < oo we may subtract it from both sides and we are done. [
Problem 5
The assumptions p(E1) < oo in (d) cannot be dropped.
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Measures and their properties

Further properties of measures

Problem 6

Let (X, M, 1) be a measure space. If (Ej)jen € M and pu(EnNE,) =0
for every m # n, prove that

n(UJ &) =D uE).

JjeN JeN

Problem 7

Let (X, M) be a measurable space and A an algebra of sets such that
o(A) = M. Suppose p11 and o are finite measures on (X, M) such that
p1(A) = pu2(A) for every A € A. Show that

p1(A) = p2(A)

for every A € M.
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Measures and their properties

Null sets = negligible sets = sets of measure zero

Null sets

If (X,.A, ) is a measure space, a set E € A such that u(E) =0 is called
a null set. By subadditivity any countable union of null sets is a null set.

Almost everywhere

If a statement about points x € X is true except for x in some null set, we
say that it is true p-almost everywhere (abbreviated p-a.e.), or for
p-almost every x.

Remark

If E€ Aand u(E) =0 and F C E, then u(F) = 0 by monotonicity of u
provided that F € A. In general, it need not to be true that F € A.

Complete measure
A measure whose domain includes all subsets of null sets is called
complete.
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Measures and their properties

Completion of o-algebras

Theorem
Suppose that (X, .A, 1) is a measure space. Let

N ={NeA:u(N)=0},
and
A={EUF:E€ Aand F C N for some N € N'}.

Then
@ A is a o-algebra.

@ There is a unique extension ji of 1 to a complete measure on A.

Proof of (a): Since A and N are closed under countable unions, so is A.
We show that (EUF) € A, if EUF € A, where E€ Aand FC N € N.
This will show that A is a o-algebra and the proof of (a) will be completed.
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Proof: 1/2

We can assume that E NN = () (otherwise we replace F and N by F\ E
and N\ E). Then EUF =(EUN)N(N°UF), so

(EUF) = (EUN)U(N\F).

But (EUN)° € Aand N\ FC N, sothat (EUF)°€ A SoAisa
o-algebra as desired. O

Proof of (b): (Construction of [i). For EUF € A, we set

A(E U F) = u(E).

This new measure i is well defined. Indeed, if £y U F; = E; U F,, where
F; C Nj € N for i =1,2, then £y C E; U N> and so

p(Er) < p(E2) + p(Ne) = p(E2),

and likewise p(Ez) < p(Er). Thus a(E1U F) = fi(E2 U Fp) as claimed. [
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Proof: 2/2

Proof of (b): (Completeness of ji). If E € A and ji(E) = 0 then we
show that for any Ey C E we have ji(Ey) =0 and Eg € A. Let E=AUC,
where A€ Aand C C N € NV and pu(N) = 0. Note that

0 = A(E) = u(A).

Thus A € NV and consequently Eg C E=AUC C AUN € N, which
yields that Ey € A and ji(Eg) = u(0) = 0. O

Proof of (b): (Uniqueness of f1). Let (X, M,r) be a complete measure
space such that M D A and v(E) = p(E) for all E € A, then we show
that v = i on A. Indeed, suppose that E € A, where E = AU F and
FCNeN and u(N) =0. We may write E=AUF = AU (F\ A), and
F\ACFCNeN. Hence

A(E) = (AU (F\ A)) = p(A) = v(A) = v(A) + v(F \ A) = v(E),

since F\Ae M and v(F\ A)=0. Thus v = ji on A. O
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Measures and their properties

Nonatomic measure spaces

Nonatomic measure space

We say that a measure space (X, M, i) is nonatomic if for every A € M
with 11(A) > 0 there exists B € M such that

BCA and 0< u(B)< p(A).

Problem 8

Let (X, M, 1) be a nonatomic finite measure space. Show that for every
e > 0 and every A € M with p(A) > 0 there exists B € M such that

BCA and 0<pu(B)<e.
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Measures and their properties

Nonatomic measure spaces attain all intermediate values
Problem 9

Let (X, M, 1) be a nonatomic finite measure space. Show that for every
A € M and every 0 € [0, u(A)] there exists B € M such that

BCA and pu(B)=296.

Hint

Inductively define the collections H,,, the numbers h, and the sets H, as follows.
Set Hy = () and Ho = {0}, and for n € N let

n—1 n—1
Hn:{HeM: HQA\kU:OHk and /L(HHk>+LL(H)§9},

hn = sup{p(H): H € H,},

and choose H,, € H, such that u(H,) > h, — min {h,,, %} Finally, consider the
set (Jpen Ha-

(Graduate Real Analysis)
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Measures and their properties

Regularity of finite Borel measures

Borel measures

Let X be a topological space. A measure . defined on a Borel o-algebra
Bor(X) is called a Borel measure. A pair (X, Bor(X)) is called a Borel
space, whereas a triple (X, Bor(X), 1) is called a Borel measure space.

Problem 10
Let X be a metric space and let (X, Bor(X), ) be a finite Borel measure

space. Show that
Bor(X) =M,

where

M = {B € Bor(X) : u(B) =sup{u(F) : F C B and F closed}

=inf{u(VU): UD Band U open}}.
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