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Induced mapping

Any mapping f : X — Y between two sets X and Y induces a mapping

f=1:P(Y) — P(X) defined by
fUE]={xeX:f(x) €E}CX forevery ECY.

This mapping preserves unions, intersections, and complements, i.e.

f[ U Ea} = | fIE.].

a€cA acA
f[ N Ea} = N flE,
acA acA

FIE] = FIE]°.

If NVis a o-algebra on Y, then {f1[E]: E € N'} is a o-algebra on X.
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Measurable functions

Measurable mapping

Definition (Measurable mapping)
If (X, M) and (Y, ) are measurable spaces, a mapping f : X — Y is
called (M, N')-measurable or just measurable when M and A are

understood, if
fHE]e M forall EcN.

Remark
The composition of measurable mappings is measurable. More precisely, if
f: X —Yis(M,N)measurable and g : Y — Z is (N, O)-measurable
then

gof: X—=>Z

is (M, O)-measurable.
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Useful facts

Proposition
If N is generated by £, then f : X — Y is (M, N)-measurable iff

fHEle M forall EcE.

Proof (=>). If f: X — Y is measurable then obviously f "1[E] € M for
all E€ Esince N =0(€) D €.

Proof (<=). Observe that O = {E C Y : f"}[E] € M} is a o-algebra
that contains £ thus N = o(&) C O. O

Corollary

If X and Y are metric or topological spaces, every continuous function
f: X — Y is (Bx, By)-measurable. Here we abbreviate Bor(Z) to Bz.

Proof. f is continuous iff f~1[U] is open in X for every open U C Y. [
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Measurable functions

Measurable functions

Definition (Measurable function)

If (X, M) is measurable space, a real-valued or complex-valued function f

on X will be called M-measurable or just measurable if it is (M, Br) or
(M, Bc) measurable.

In particular, f : R — C is Lebesgue (resp. Borel) measurable if it is
(L(R), Mc) (resp. (Bg,Bc)) measurable, likewise for f : R — R.

Remark (Warning!)

If f,g:R — R are Lebesgue measurable it does not follow that f o g is
Lebesgue measurable, even if g is assumed continuous.
o If E € Bg we have f~1[E] € L(R), but unless f~1[E] € Bg there is
no guarantee that g—![f ~*[E]] will be in L(R).

@ However, is f is Borel measurable then f o g is Lebesgue or Borel
whenever g is.
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Measurable functions

Proposition

Proposition

If (X, M) is a measurable space and f : X — R the following are
equivalent:

f is M-measurable,

f~1[(a,00)] € M for all a € R,
f~1[[a,00)] € M for all a € R,
f1[(—o0,a)] € M for all a € R,
f~1[(—o0,a]] € M for all a € R.

© e e e

Proof. It follows from the previous proposition and the fact that

Br = o({(a,) :a € R})=0({[a,0) : a € R})
=o0({(—00,a):a € R}) =0c({(—00,a] : a € R}). O
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Measurable functions in products

Definition (Measurable functions in products)

Given a set X, if {(Ya,Na): a € A} is a family of measurable spaces and
fo : X = Y, is a map for each a € A, there is a unique smallest o-algebra
on X with respect to which the f,'s are all measurable, namely the
o-algebra generated by the family

{f.EL] : Ex € Ny and a € A}.

It is called the o-algebra generated by the family {f, : « € A}.

Example
If X =[I.ca Yo then

Q)N = ({73 [Ea] : Ea € N, and a € A})

a€A

is the o-algebra generated by the coordinate maps m,, : X — Y.
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Measurable functions

Useful proposition

Proposition
Let (X, M) and {(Ya,Na) : a € A} be measurable spaces, Y =[] ca Ya.

N = ®Na = a({w;l[Ea] : Ex €N, and a € A}),

a€A

where m,, : Y — Y, is the coordinate map forae € A. Thenf : X — Y is
(M, N)-measurable iff f,, = wy o f is (M, N,)-measurable for all o € A.
In particular, f : X — [[2, X; given by f(x) = (fi(x), 2(x), 5(x), . ..) is
measurable iff all f;'s are measurable.

Proof (=>). If f : X — Y is (M, N)-measurable and 7, : Y — Y, is
(N, N, )-measurable then f, = 7, o f is (M, N, )-measurable.

Proof (<=). If each f, is (M, N,)-measurable then for all E, € N, we
have f~1[n 1[E.]] = £, [Ea] € M, so f is measurable by the previous
proposition. ]
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Corollary

Corollary

Let (X, M) be a measurable space. A function f : X — C is
M-measurable iff Re(f) and Im(f) are M-measurable.

Proof. This follows from the fact that
Bc = Bge = Br ® Bg.
Moreover, we have
F(x) = Re(f)(x) + i Tm(F)(x) ~ (Re(F)(x), Im(f)(x))-

This completes the proof.
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Measurable functions

Extended real numbers system

Definition
If (X, M) is a measurable space, f is a function on X and E € M we say
f is measurable on E if f~1[B] N E € M for all Borel sets B € By.

Remark

Let R = [—00, 0] be the extended real number system. We define Borel

sets in R by -
Bz ={ECR:ENR € Bg}.

It can be easily verified that

Bg =0 ({(a,o0] : a € R}) = 0 ({[-00, ) : a € R}),

and we define f : X — R to be M-measurable if it is (M, Bg)-measurable.
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Mesurability is preserved under algebraic operations

Proposition

Let (X, M) be a measurable space. If f,g : X — C are M-measurable,
then so are f + g and f - g.

Proof. Define F: X -2 CxC,¢:CxC—->Candy:CxC — C by

F(x) = (f(x).&(x)),  dlzw)=z+w,  (z,w)=2z w.

Since
Bexe = Be @ Be,

F is (M, Bcyxc)-measurable by the previous proposition. The functions ¢
and v are (Bcxc, Be)-measurable, since ¢, 1) are continuous. Thus

f+g=¢oF, and f-g=1voF

are M-measurable. ]
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Measurable functions

Mesurability is preserved under limiting operations

Proposition

Let (X, M) be a measurable space. If (f,)nen is a sequence of R-valued
measurable functions, then the functions

g1(x) = sup fp(x), g3(x) = limsup f,(x),

neN n—o00
£x) = inf (), ga(x) = liminf £y ().

are all measurable. If
f(x) = lim f(x)

n—oo

exists for every x € X, then f is measurable.
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Proof 1/2

We have to show g; *((a, c]) € M for all a € R.

g H(a,0q]] = {x € X : g1(x) € (a, ]}
= {x € X :sup fr(x) > a}

neN
= U{XGX:fn(x)>a}
neN
= U (a oo]] € M.
neN

Similarly

g '[[~00,a)] = | £y t[[~o0,2)] € M.

neN

Thus g1, g are measurable.
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Proof 2/2

Observe that

g3(x) = limsup fh(x) = lim sup f,(x) = I|m hi(x),

n—o0 k—00 p> k k—o0

where hi(x) = sup,~ fa(x), and we have
her1(x) < hg(x), thus  lim hg(x) = inf hg(x).
k—o00 keN

From the previous slide hy(x) = sup,~ fa(x) is M-measurable and
infren hk(x) is also M-measurable. Thus

g3(x) = limsup fo(x)

n—o0

is M-measurable, and likewise for gs. Finally, if f(x) = lim,_ oo fa(x)
exists then f(x) = g3(x) = g(x), so f is M-measurable. O
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Measurable functions

Two corollaries

Corollary

If f,g : X — R are measurable, then so are max(f,g) and min(f,g).

Corollary

If (fa)nen is a sequence of complex-valued measurable functions and

f(x) = lim fp(x)

n—o0o

exists for all x € X, then f is measurable.

(Graduate Real Analysis) Lecture 7 Fall Semester 15/28



Positive f* and negative f~ parts of f
Definition
If f: X — R we define the positive fT and negative f— parts of f to be

fT(x) = max(f(x),0), and f (x) = max(—f(x),0).

Then f = f+ — f—. If f is measurable, so are ft and f—.

f+

y
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Polar decomposition

Definition

If f:X — C, we have its polar decomposition

f = sgn(f)|f],
where
= ifz#0
D BT ’
sgn(z) =
en(z) {0 otherwise.
Remark

If f is measurable, so are |f| and sgn(f).
o If f is measurable, so are |f| and sgn(f). Indeed, z — |z| is
continuous on C, and z — sgn(x) is continuous except at the origin.

e If U C C is open sgn~1[U] is either open or of the form V U {0},
where V is open, so sgn is Borel measurable.
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Measurable functions

Characteristic functions and simple functions

Definition (Characteristic function)

Suppose that (X, M) is a measurable space. If E C X, the characteristic
function of E (sometimes called the indicator function of E) is defined by

16(x) 1 ifxeE,
X) =
g 0 ifx¢gE.

1 is measurable iff E € M.

Definition (Simple functions)

A simple function on X is a finite linear combination, with complex
coefficients, of characteristic functions of sets in M. We do not allow
simple functions to assume the values +c0. Equivalently, f : X — C is
simple iff f is measurable and the range of f is a finite subset of C.
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Standard representation of simple functions

Standard representation of simple functions

Assume that the range of f is {z1,...,2,} C C. Then we can write
n
f= sz]lgj, where  E; = f1[{z}].
j=1

This is called the standard representation of f. It exhibits f a linear
combination, with distinct coefficients, of characteristic functions of
disjoint sets whose union is X, i.e.

ENE=0 if i#j, [JE=X
j=1

Remark

If f and g are simple functions, then so are f + g and f - g.
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Measurable functions

Measurable functions are limits of simple functions

Theorem
Let (X, M) be a measurable space.
@ If f: X — [0,00] is measurable then there is a sequence (¢,)nen Of

simple functions such that 0 < 4 < hH <...<fand f, ;5 f

pointwise, and f, ;== f uniformly on any set on which f is bounded.

@ If f: X — C is measurable then there is a sequence (f,)nen of simple
functions such that 0 < |f| < |R| < ... <|fland f ;=52
pointwise, and f, ;== f uniformly on any set on which f is bounded.

4.2k
3.2%
2.2%
2k
0
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Proof

Proof of (a). For n € {0,1,2,...} and 0 < k <227 — 1, let

Ef = (k2" (k+1)277] and F,=f1[(2", o0l

2201
Z k27" g (x) + 2"1E, (X).

For n € N, one can easily see
fo(x) < faga(x) < ().

4.2k
3.2k
2.2k ‘
>k

0
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Proof

Moreover, on the set FS (since f(x) < 2"), we have

2211 2211
0 < F(x) = falx) = Y (F(x) — k27" g(x Z 2 "g(x) <277
k=0

Proof of (b). If f = g+ ih we apply part (a) to the positive and negative
parts of g and h obtaining sequences

Ao & & "o 8 >

hn+ =% h+’ h; = h_’
of nonnegative increasing simple functions. Taking

fo=81 — & +ilhy —hy),

we can easily verify that (f,)n,en has the desired properties. Ol
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Measurable functions

Proposition

Proposition

Let (X, M, 1) be a complete measure space. Then the following are true.

@ Iff is measurable and f = g u-a.e., then g is measurable.

@ If (fo)nen Is a sequence of measurable functions and f, -—= f p-a.e.,
then f is measurable.

Remark
o If (fy)nen is a sequence of measurable functions, then the set
De = {x € X : limp_0 fp(x) exists} is measurable, and limp,_,o fp(x)
is measurable on D,.
o If 1 is not complete and f, ;== f p-a.e., then one can perturb f on

the set
Dpe = {x € X : lim f,(x) does not exist},
n—o0

in a way that f is not measurable on X.
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Proposition

Proposition

Let (X, M, ) be a measurable space and let (X, M, i) be its completion.
If f is M-measurable function on X, there is M-measurable function g
such that f = g fi-a.e.

Proof. From the definition of [ it is obvious if f = 1 g, where E € M,
and hence if f is an M-measurable simple function.

@ For the general case, choose a sequence (f,)nen of M-measurable
simple functions that converge pointwise to f by the previous
theorem.

o For each n € N let g, be an M-measurable simple function with
fn = gn except on a set E, € M with 1(E,) = 0.

@ Choose N € M such that u(N) =0 and N 2 [ J,cy En and set
g =lim,_ o Ipncg,. Then g is M-measurable and g =f on N¢. [J
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Problems

Completeness and measurability

Problem 1

Let (X, M, 1) be a measure space. Show that each of the following
implications is valid if and only if the measure 1 is complete:

@ if f is measurable and f = g pu-a.e., then g is measurable;

@ if f, is measurable for every n € N and f, ;=55 f p-a.e., then f is
measurable. |

@ One implication is the proposition proved above. For the converse
take a set N € M with u(N) =0 and A C N, and consider the
functions f =0 and g =1 4.
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Problems

Continuous images of null sets

Problem 2
Show that there exist a strictly increasing continuous function f on [0, 1]
and a compact set K C [0, 1] such that

M(K)=0 and  M(F[K]) = 1.

@ Hint: let ¢ be the Cantor—Lebesgue function from Lecture 6, let K be
the Cantor set and consider f(x) = x + ¢(x).

@ In particular, continuous functions need not map null sets to null sets,
and therefore they need not map Lebesgue measurable sets to
Lebesgue measurable sets.
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Problems

Continuous images and preimages of measurable sets

Problem 3

Show that there exist a set E € L(R) and a continuous function f on an
interval containing E such that

flE] & L(R).

Hint: with f and K as in Problem 2, the set f[K] has positive measure, so
it contains a nonmeasurable set A; consider £ = f~[A] N K.

4

Problem 4

Show that there exists a real-valued £(RR)-measurable function g for which
g E] & L(R) forsome E € L(R).

Hint: take g = f—1 where f is the function from Problem 2, and E from
Problem 3.

(Graduate Real Analysis) Lecture 7 Fall Semester 27 /28




Problems

Lebesgue measurable sets which are not Borel

Problem 5
Show that there exists a set E € L(R) such that

E ¢ Bor(R).

Hint: the set E from Problem 3 works. If E were a Borel set, then f[E]
would be a Borel set as well, since f is a homeomorphism of [0, 1] onto

1[0, 1]].

@ Compare with Lecture 6, where the same conclusion was obtained by
a cardinality argument. The present proof is constructive and, in
addition, exhibits a null set which is not Borel.

(Graduate Real Analysis) Lecture 7 Fall Semester 28 /28



	Measurable functions
	Problems

