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Integration over nonnegative functions

Integration of simple functions

We fix a measurable space (X, M, ) and define
L% (X) = {f: X = [0,00] : f is measurable}.

Definition

If ¢ € L%(X) is a simple function of the form ¢ = > oi—13j1g we define
the integral of ¢ with respect to p by

| otdux Zc‘w ) € 10,0,

with the convention that 0 - oo = 0.

We shall also write

/¢>X)du ~ [ 60dut) = [ odu= [ o
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Integration over nonnegative functions

Integration of simple functions

If ¢ = ZJ’-'ZI ajlg and A € M then ¢ - 14 is also simple function,

n
¢‘ ]1A = Zaj]lEij.

j=1
/ P(x)dp(x / (X)L a(x)dp(x).
Proposition

Let ¢, 1 be simple functions in L% (X).

@ Ifc>0, then [y codu = c [, opdp.

Q@ [x(¢+v)du= [xpdu+ [y bdp.

@ If¢ <1, then [y pdu < [ Ydpu.

@ The map A~ [, ¢du is measurable on M.

Define
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____Integration over nomegative functions |
Proof of (a) and (b)

Let
n m
¢=> allg, and w:Zbkan.
j=t =

Proof of (a). Note that [, codu =377, caju(E;) = c [y ¢pdp. O
Proof of (b). We consider

m n
E=ENF. F={JEnNF
k=1 j=1

since X = U/_; Ej = Uy Fk (disjoint unions). Then

/X dd + /X el = 2_; aiu(E}) + k; bisi(Fe)
—ZZ(ajerk (EjN Fy) = /X(qﬁ+w)du- =

j=1 k=1
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Proof of (c) and (d)

Proof of (c). If ¢ < then a; < b, on EjN Fix # 0. Then

/¢du Zaj,uEﬂFk <ZZbkMEka /wu O

j=1 k=1 j=1 k=1

Proof of (d). For A € M define

- /A b = /X W

Note that v is countably additive. Indeed, if (Ax)ken is a disjoint sequence
in M and A =J,2; Ak, then

Zaju (ANE)) ZZ‘W ANE)) Z/ dpdu = A,
kEN

j=1 keN j=1 keN

since u is countably additive. O
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Integration over nonnegative functions

Integration of nonnegative measurable functions

Definition

The integral can be extended to all functions f € L% (X) by defining

/X f(x)du(x) = sup { /X d(x)du(x) :0< ¢ <f, and ¢ is simple}.

Remark

@ By the previous proposition (see item (c)), the two definitions of [ f
agree when f is simple, as the family of simple functions over which
the supremum is taken includes f itself.

o If f < g, then [, fdu < [, gdpu.

e For any ¢ > 0 we have [, cfdu = c [, fdp.
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Integration over nonnegative functions

Monotone convergence theorem

Theorem (Monotone convergence theorem (MCT))

Let (X, M, 1) be a measure space. If (f,)nen is a sequence in L9 (X) such

that f, < fo41 for all n € N and

f=lim f, =supf,,

n—oo neN

then

n—o0

/X F(x)du(x) = lim /X Fo(x)dpu(x).

In other words,
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Proof
Proof. Since (fX fadi)nen is an increasing sequence of numbers so the

limit exists (possibly equal to c0). Since f, < f, then [, fodu < [, fdu
for all n € N, and consequently

lim / f,,d,ug/ fd .
n—oo X X
lim / f,,d,uZ/ fdp.
n—oo X X

Fix a € (0,1), and let ¢ be a simple function with 0 < ¢ < f. Consider
E, = {x e X: f(x) > ag(x)}.
Then E, C Epy1 forany ne Nand X =

We now show that

nen En, hence

/ fodu > / fidu>a [ odp.
X En En
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Integration over nonnegative functions

By the previous proposition (see item (d)) and the continuity of measure

()= [ odu

we obtain

n||_>rr;O/andu2 an||_>n;o/En ¢dy—04nll_>rrgoz/(E,,)—oa/X¢du.

Since a € (0,1) was arbitrary

lim / fadp > / odu.
n—o0 X X
Since ¢ was arbitrary simple function such that 0 < ¢ < f thus
lim / fodp > sup / odu = / fd . O
n—oo Jx 0<p<f JX X
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Theorem

Theorem

Let (X, M, ) be a measure space. If (f,)nen is a finite or infinite
sequence in L% (X) such that

f=> fa,

neN

fdy = fodp = fod .
Jon= [ X han=3

neN neN

then

Proof. First we show that

[+ )= [ fdu+ [ s
X X X

We find sequences (¢p)nen and (¥n)nen of simple functions in L2 (X) that
increase to fi and f, then (¢p + ¥n)nen € Lg(X) and increases to fi + f.
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Integration over nonnegative functions

By the (MCT) we conclude

J (6 ) Jim [ (0n+ o)

(MCT)

-t vt = [ s |
(MCT)

Now by induction

N N
/ > fadp = Z/ fodu forany N eN.
Xn:l n=1 X

Letting N — oo and applying (MCT) again we have

o) N N 00
fdu:/ lim S fodu = lim /fd,u: /fdu. O
/X;n XN%OOHZ::ln N%m; Xn nzz;l Xn
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Useful fact

Proposition

Let (X, M, 1) be a measure space. If f € L%(X), then

/fduzO ~— f=0ae.
X

Proof. This is clear if f is a simple function. If f =57

j=
aj > 0 then
/ fdu = Zaju

iff aj = 0 or u(Ej) =0 for each 1 < S n. In general, if f € L%(X) and
f =0 a.e. and ¢ is a simple function with 0 < ¢ < f, then ¢ =0 a.e,,

hence
/fdu— sup /¢du—0
0<¢<f

(Graduate Real Analysis) Lecture 8 Fall Semester 12/31

1 aJ]IE with



Integration over nonnegative functions

On the other hand assume that fx fdi = 0. Note that

{xeX:f(x)>0}= UE,,, where E,={x€ X :f(x)>n"1}.
neN

If it is false that f = 0 a.e., then we must have
0<pu({xeX:f(x)>0})= lim u(E,),

n—o0

hence there must be at least one n € N so that p(E,) > 0. But then

1 1
/ fd z/ fdp > / Ldu = Su(E) > 0,
X A nJe, n

which is impossible! Thus fX fdy = 0 implies f =0 a.e.. O
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Corollary

Corollary

Let (X, M, ) be a measure space. If (fo)nen C L% (X) and fo(x)
increases to f(x) for a.e. x € X, then

/fdu: lim / fadp.
X n—o0 X

Proof. If f,(x) increases to f(x) for x € E, where u(E€) = 0, then
f—flg=0ae and f, — f,1g =0 a.e. By the (MCT) we have

/fd,u:/ fledp = lim / foledp = lim / fndi. O
X X n—oo Jx n—oo [y
GG
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Integration over nonnegative functions

Fatou's lemma

Lemma (Fatou's Lemma)

Let (X, M, 1) be a measure space. If (f,)nen C L(X), then

/ liminf f,dp < liminf f du.
X

n—o0 n—o0

Proof. For each kK > 0 we have

inf f, <f; forall j>k
n>k

/mffd,u</f;-d,u for j >k,
X nz X

f fodp <inf [ fidp.
o< g

Letting k — oo by the (MCT) we obtain the claim. O
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Integration over nonnegative functions

Corollaries

Corollary

Let (X, M, ;1) be a measure space. If (f,)nen C L9 (X) and
lim, o fn = f a.e., then

/fdugliminf/ fody.
X n—o0 X

Proposition
Let (X, M, p) be a measure space. If f € L9(X) and [, fdu < oo, then

p({x e X :f(x) =00})=0

and

{x e X :f(x) >0}
is o-finite.

y
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Integration of complex functions

Integration of real functions

Let (X, M, 1) be a measure space. We know that any measurable
f : X = R can be written as

fmft—f
If at least one of [, fTdu and [ f~dy is finite we define

X X) = T(x X) — “(x X —00, 0.
/Xf()dﬂ() /Xf()du() /Xf()du()el o]

Definition

If [ fTduand [, f~du are both finite, we say that f is integrable.

Remark

Since |f| = fT + f—, then f is integrable iff

/ |f(x)|dp(x) < oco.
JX
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Useful fact

Proposition

Let (X, M, 1) be a measure space. The set of integrable real-valued

functions on X is a real vector space and the integral is a linear functional
on it.

Proof. The first conclusion follows since |af + bg| < |a||f| + |b||g|-
o It is easy to check that [af = a [ f for any a € R.
e Suppose f, g are integrable, then [(f+g) = [f + [ g. Indeed, let
h=f+g thenht —h~ =f" —f~ 4+ g" — g~ and

L
oo o[- e fe feofe ¢
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Integration of complex functions

Integration of complex functions
Definition

Let (X, M, 1) be a measure space. If f : X — C is measurable function
we say that f is integrable if

/ ()] dp(x) < oo.
X

If E € M, then f is integrable on E if [ |f(x)|du(x) < oco.

Remark
Since |f| < |Re (f)| + [Im ()| < 2|f|. Thus f is integrable iff Re(f) and
Im(f) are both integrable. In this case we define

/fd,u:/ Re(f)du—i—i/lm(f)d,u.
X X X
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Ll
Space

Definition
Let (X, M, 1) be a measure space. The space of all complex-valued
integrable functions will be denoted by

XX, p) = {f : X = C : f is measurable and /X]f(x)\d,u(x) < oo}.

We shall abbreviate L*(X, 1) to L}(X) or L}(p) or L1.

Proposition

Let (X, M, i) be a measure space. If f € L}(X), then

'/ fdu‘s/ |fldp.
X X
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Proof

Proof. This is obvious if [, fdu = 0. Assume that f : X — R, and note

/fdu':‘/ f+du—/ f—d#‘g/ f+du+/ f_d,u:/ |f|dp.
X X X X X X

If f: X — Cand [, fdu #0, let

fX fdu
o = sgn / fdu) = =< .
<. X Ux fdpl

/fdu‘:a/ fd,u:/ozfd,uE]R,
X X X

thus | [} fdu| = Re (fy afdu) and

‘/ fdu :/ Re(af)d,ug/ |Re(ozf)|d,u§/ |ozf\d,u:/ |fldp. O
X X X X X
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Useful facts

Proposition (Chebyshev's inequality)
Let (X, M, ) be a measure space. If f € L*(X) and XA > 0, then

W(E) < 5 [ IFCldu),

where E = {x € X : [f(x)| > A}.

Proposition

Let (X, M, 1) be a measure space.

@ Iff € LY(X), then {x € X : f(x) # 0} is o-finite.

Q@ Iff,gcLY(X), then|f —g|=0ae. ifff —g=0a.e iff

/fdu:/gd,u forall E € M.
E E
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Proof

Proof of (a). Note that

{x e X:f(x)#0} ={xe X:|f(x)| >0} = | An,

neN

where
A, ={x € X :|f(x)|>n"'}.

Then we have A, C A,41 and
p({x € X [F(x)] > 03) = lim u(Ay).

By Chebyshev's inequality we have
(A < 0 [ 1FGOIdG0 < n [ 1FG1(0) < oc.
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Proof

Proof of (b). It is clear that [, |f — gldu=0iff f = g a.e..
o If [\ |f —g|du =0, then [, fdu = [ gdu for any E € M, since

‘/fdu—/gdﬂ‘é/lf—g!dﬂé/ F — gldu =o0.
E E E X

o If [fdu= [¢gduforany E€ M. If u=Re(f —g), v=1Im(f —g)
and if it is false that f — g a.e., then at least one of u™, u™, v, v~
must be nonzero at the set of positive measure. Suppose that

E={xeX:ut(x)>0}eM

has positive measure. Then

Re(/ fdu—/gd,u) :/u+d,u,>0,
E E E

since u— =0 on E. Thus we must have f = g a.e.. O
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Integration of complex functions

Remarks

Remark

This proposition shows that for the purposes of integration it makes no
difference if we alter functions on null sets.

@ One can integrate functions f that are only defined on a measurable
set E whose complement is null simply by defining f to be zero (or
anything else) on E€.

@ In this fashion we can treat R-valued functions that are finite a.e. as
real-valued functions for the purposes of integration.

@ With this in mind, we shall find it more convenient to redefine
L1(X, 1) to be the set of equivalence classes of a.e.-defined integrable
functions on X, where f and g are considered equivalent iff f = g a.e.

@ This new L}(X, 1) is still a complex vector space (under pointwise
a.e. addition and scalar multiplication).
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Integration of complex functions

Remarks

Remark

e Although we shall henceforth view L1(X, ;1) as a space of equivalence
classes, we shall still employ the notation “f € L1(X, )" to mean
that f is an a.e.-defined integrable function. This minor abuse of
notation is commonly accepted and rarely causes any confusion.

@ There are two advantages of this definition

@ If @is a completion of y there is a natural one-to-one correspondence
between L1(X, ) and L}(X, 7). We shall identify these spaces.
@ LY(X,pu) is a metric space with distance function

o(f.g) :/ I — gldp,
X

o(f,g) =0 <= f=gae

@ We shall refer to convergence with respect to this metric as
convergence in L', thus f, == £ in LY iff limy_,o0 [y |fo — fldp = 0.
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Dominated Convergence Theorem (DCT)

Theorem (Dominated Convergence Theorem (DCT))
Let (X, M, i) be a measure space. Let (f,)nen € L1(X) be such that

Q@ forsxzfae,

@ there exists g € LY(X) such that g > 0 and |f,| < g a.e. forall n € N.
Then f € LY(X) and

fdu:/ lim fodp = lim / fodp.
/)( . Xn%oo n—o0 X
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Proof

Proof. We can assume (perhaps after redefinition on a null set) that the
function f is measurable. Note that

= |i <
fl=lim [l <g ae

/!f!dué/gdu<00-
X X

By taking real and imaginary parts it suffices to assume that f, and f are
real-valued function. Then

Thus f € LY(X), since

fll<g <= —g<fh<g ae,
which yields
g+fh>0 ae. and g—1 >0 ae
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Proof

Thus by Fatou’s Lemma we obtain

/gd,u+/ fdu < Iiminf/(g+f,,)d,u:/gd,u+|iminf/ fadpu,
X X n—oo X X n—oo X

/gdu—/ fd,u<||m|nf/ fo)du = /gd,u—limsup/ fod .
X n—oo Jx X n—oo JX

Thus
/ fdp < Iiminf/ fadp < I|msup/ fnduﬁ/ fdp,
X X

X n—o00 n—o0

and consequently

fdp = lim / fodu. O
/)( n—oo X
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Integration of complex functions

Theorem

Theorem

Let (X, M, i) be a measure space. Let (f,)nen € L1(X) be such that

Z/X [faldp < 0.

neN

Then the series

>

neN

converges a.e. to a function in L*(X) and

/XZf,,du:Z/andu.

neN neN
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Proof

Proof. By the (MCT) we have

/XZ‘fn|dl~‘:Z/X|fn|dﬂ<oo-

neN neN
So the function g = 3,y |fj| € LY(X) thus
()= S I < ae
JEN
Thus the series ) fa(x) converges a.e. For each N € N we have

N

Y 6|<el0 ae
j=1

We apply (DCT) and we obtain
N

N
/)(andu:AJTm;fndu:Nli_rgo/xnz_;fndu. O

neN 1
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