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Applications of Dominated Convergence Theorem

Simple functions are dense in L1

Theorem

Let (X, M, i) be a measure space. If f € L}(X) and € > 0, there is an
integrable simple function ¢ = Z;:l ajla; such that

/ |f —¢ldp < e.
X

That is, the integrable simple functions are dense in L' in the L1 metric.

e Furthermore, if i is a Lebesgue—Stieltjes measure on R (or Lebesgue
measure on R?), the sets A; in the definition of ¢ can be taken to be
finite unions of open intervals (open rectangles), and also there is a

continuous function g that vanishes outside a bounded interval
(bounded rectangle) such that

/ |f —gldp <e.
X
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Applications of Dominated Convergence Theorem
Proof

Proof. We fix f € L}(X) and take a sequence (¢,)nen of measurable
simple functions |¢p1]| < |¢2| < ... < |f] such that ¢, ;552 f a.e.. Then

“_>m |¢n*f|:O’ and |¢n*f|§2|f|'

Thus by the (DCT), we obtain

lim / |¢pn — fldp = 0.
X

n—oo

If ¢ = Zf:l a;j14;, where the A;’s are disjoint and the a;’s are nonzero,
we note that

1(Aj) = af1/ |pkldp < aj‘l/ |fldp < oc.
Aj X
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Applications of Dominated Convergence Theorem
Proof

If E,F € M note that u(EAF) = [, |1g — 1r|dp and recall that:

Theorem (Approximations by finite unions of open rectangles)

If E € L(RY) and A\y(E) < oo, then for every ¢ > 0 there is a set A that is
a finite union of open rectangles such that \q(EAA) < e. The same result
is true if p is a Lebesgue—Stieltjes measure on R.

o If 41 is a Lebesgue-Stieltjes measure (or Lebesgue measure of RY) we
can approximate 1 4, arbitrarily closely in the L' metric by finite sums
of 1g,, where the Ry's are open intervals (or open rectangles).

o Finally, if R, = ]_[?Zl(a,-, b;) we can approximate 1g, in the L! metric
by continuous functions that vanish outside Hf’zl(a;, bi).

e For instance, if d =1, given ¢ > 0 take a continuous picewise linear
function g such that 1,4, 5] < g < 1(5p). O
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Applications of Dominated Convergence Theorem
Theorem

Theorem

Let (X, M, 1) be a measure space and suppose that f : X x [a, b] — C
(—o0o < a< b<oc)and f(-,t) € LY(X) for each t € [a, b]. Let

F(t) :/Xf(x7 t) dp(x).

o Suppose that there exists g € L1(X) such that
If(x,t)| <|g(x)| forall (x,t)e X x|a,b].

If
t||_>rrgo f(x,t) =f(x,ty) forevery xé€ X,
then

lim F(t) = F(to).

t—to
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Applications of Dominated Convergence Theorem
Proof.

Let
fa(x) = f(x, tn),

where (tp)nen C [a, b] is converging to tp € [a, b]. Note that

()| < g (x)] € L} (n),

and
lim f,(x) = f(x, tp).

n—oo

Thus by the (DCT) we obtain

Jim F(e) = fim [ f00du(x) = [ tim fi(dntx) = | . to)dt).

X

which proves that
lim F(t,) = F(to)

n—oo

as desired. n
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Applications of Dominated Convergence Theorem

Theorem

Theorem

Let (X, M, 1) be a measure space and suppose that f : X x [a, b] — C
(—oo < a< b<oo)and f(-,t) € LX(X) foreach t € [a, b]. Let

F(t) —/Xf(x, t) du(x).

@ Suppose that g’; exists and there is g € L*(X) such that

‘ (x, t)’ <l|g(x)| forall (x,t)e€ X x|a,b].
Then F is differentiable and

Fi() = 500 = [ Gelx 0du),
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Applications of Dominated Convergence Theorem
Proof

Suppose that (t,)nen C [a, b] is converging to ty € [a, b], then we may
write

£
ot (Xv to) = nll—>r2<> hn(X)7
where . .

hn(X) _ (X7 t”) - (Xﬂ to)‘
th, — to

It follows that % is measurable and by the mean-value theorem one has

|hn(x)| < sup
te(a,b]

Srcn)] < leCol.
so by the (DCT) we conclude

F(t) = fim Z PO i [ a0 = [ S o)t

as claimed. ]
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Upper and lower Riemann sums

Definition (Partitions)

Let [a, b] be a given interval. By a partition P of [a, b] we mean a finite
set of points a=xp < x1 < ... < Xp—1 < X, = b.

Suppose that f : [a, b] — R is a bounded function. Corresponding to each
partition P of [a, b] we put

m;= inf f(x), and M;= sup f(x).

X€[xi—1,xi] x€[xi—1,xi]

Upper and lower Riemann sums
We define

n

ZM xi—xi-1), and L(P,f)=> mi(xi—xi1).

i=1

o We always have that L(P, f) < U(P,f).
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Riemann integral vs Lebesgue integral

Upper and lower Riemann integral

Upper and lower Riemann integral

We define the upper and lower Riemann integrals of f over [a, b] to be

LE(fy=supL(P,f), and UP(f)= ir;f U(P, f),
P

where the inf and the sup are taken over all partitions P of [a, b].

Riemann integral of f over [a, b]

If the upper and lower integrals are equal, we say that f : [a,b] = R is
Riemann integrable on [a, b], we write f € R([a, b]) and we denote the
common value (which is called Riemann integral of f over [a, b]) by

/b f(x)dx = L2(f) = UL(f).
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Riemann integral vs Lebesgue integral

Riemann integral is well-defined

Fact

The upper and lower integrals are defined for every bounded function.

Proof. Let
= inf f
m x€”[13,b] (X),
M= sup f(x).
x€|a,b]
Then
m< f(x) <M forall xé€]la,b].

Therefore

m(b— ) < L(P,f) < U(P,f) < M(b— )
for every partition P.

(Graduate Real Analysis) Lecture 9 Fall Semester 11/27



Riemann integral vs Lebesgue integral

Example

Example

There is a bounded function f € L1([0, 1]) which is not Riemann
integrable.

Proof. Let us define f on [0,1] to be

Fx) = 1if x € Q,
= Voifx 2.

We immediately see that f € L1(R). Let us recall

Fact (*)

In any interval [c, d] such that ¢ < d there is a rational and irrational
number.
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Riemann integral vs Lebesgue integral
Proof

By the fact (x), for every partition P of [0, 1], we have

= Z Mi(xi — xi—1) = Z L (X —xi-1) =1
i=1 i=1

:Zm,-(x,-—x,- 1 ZO Xj — Xi— 1 =0.
i=1

Therefore
Lg(f) =supL(P,f)=0, and Uf(f) = i?’f U(P,f) =
P

Hence L2(f) # UP(f) and f is not Riemann integrable. O
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Riemann integral vs Lebesgue integral

Theorem

Theorem
If P* is a refinement of P, i.e. P* O P, then

Proof. We prove the first statement.
@ Suppose first that P* contains just one point more than P. Let this
extra point be x*, and suppose

xi—1 <x*<x; forsome i€{l,2,...,n}.
o Let
m; = inf  f(x),
XG[X,‘,l,X,']
wi = inf  f(x), and wr= inf f(x)
X€E[xj_1,x*] X€[x*,xi]
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Riemann integral vs Lebesgue integral
Proof

@ Then wy > m; and wy > m; and consequently
L(P*,f)— L(P,f) = wi(x" — xj—1) + wa(x; — x*) — mi(x; — xj—1)
= (w1 — m)(x* = xi—1) + (wo — m;)(x; — x*) > 0.

o Finally, if P* contains k points more than P, we repeat this reasoning
k times. The proof of the second statement is analogous. 0J

Claim (¥)

For two partitions Py, P, of an interval [a, b] one has

L(Py, ) < U(Pa2, f).

Proof. Let P* = P; U P, be the common refinement of two partitions P;
and P,. By the previous theorem

L(Py, f) < L(P*,f) < U(P*,f) < U(Pa, ).
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Theorem

Theorem

For any bounded function f : [a, b] — R we have

L2(f) < UZ(f).

Proof. By the Claim (*) for two partitions Py, P> of an interval [a, b] one
has

L(Py,f) < U(Py,f).
Then

LE(F) = sup L(Py, f) < igf U(P,, ) = Ub(f)
Py 2

This completes the proof of the theorem. O
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Riemann integral vs Lebesgue integral

Theorem

Theorem
A function f € R([a, b]) if and only if the following condition () holds:
@ For every ¢ > 0 there is a partition P of [a, b] such that

U(P,f) — L(P, f) < e. (R)

Proof. By the previous theorem, for every partition P we have
L(P,f) < L2(f) < US(f) < U(P,f).
Thus the condition (R) implies
0 < US(f) — L3(f) < U(P,f) — L(P,f) <.
Since £ > 0 is arbitrary U2(f) = L5(f), hence f € R([a, b]).
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Riemann integral vs Lebesgue integral

Proof

Conversely, suppose that f € R([a, b]). Then for every £ > 0 there are
partitions P; and P, such that

LO(F)— L(P1.f) < = and  U(P,,f)— Ub(f) < %

We choose P to be the common refinement of P; and P>. Then

N ™

b
< Ub(f) + g = / F(x)dx + g = L5(f) +§
a
< L(Py,f)+e < L(P,f)+e.

This proves condition (/R) and completes the proof of the theorem. O
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Theorem

Theorem (**)

If condition (R) holds for P = {xo, ..., xn} and if s;, t; are arbitrary points
in [xj_1, x|, then

nys, — F(t)|(xi — xi-1) < e.

Proof. Note that f(s;), f(t;) lies in [m;, M;], hence by the triangle
inequality |f(t;) — f(s;)| < M; — m;. Hence
A/—/

length

Z]f(s, F(t)|(xi — xi—1 <Z i — m;i)(x;i — xi—1)

= U(P,f) - (P, f)

This completes the proof. O
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Riemann integral vs Lebesgue integral

Theorem

Theorem
If f € R([a, b]) and the hypotheses of () hold, then

<e.

n b
F(t) (x5 — xi—1) — | f(x)dx

Proof. It is enough to note that

uRﬂﬁiimMM—ﬁﬂﬁUWf%
i=1

b
L(P,f)g/ f(x)dx < U(P,f). O

(Graduate Real Analysis) Lecture 9 Fall Semester

20/27



(Graduate Real Analysis)

Riemann integral vs Lebesgue integral

Lebesgue integral vs Riemann integral
Theorem

Let f : [a,b] — R be a bounded function . If f is Riemann integrable then
f is Lebesgue measurable and integrable on [a, b] and

/a () = /[.a,b] F()dA(x).

—_—
Riemann

Lebesgue

Proof. Assume that f € R([a, b]). For each partition P = (t;)7_, consider

n n
Gp =) Milpy ) and  gp=D miljy ).
j=t =1

Then

U(P, f) = /[a,b] Gp(x)dA(x), and L(P,f)= /[a7b]gp(x)d)\(x).
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Riemann integral vs Lebesgue integral
Proof

By the Riemann integrability there is a sequence (Px)ken of partitions of
[a, b] such that Py = {txo,..., tkn,} such that

a=tro <tyk1<...<tgn-1<tkn = b
and Py C Py, for any k € N. Moreover,

lim max (te;—tej—1) =0
k—>oolgjgnk( J 1) ’

and .
lim U(Pk,f) = lim L(Px,f)= / f(x)dx.
k—+o0 k—o0 3

We also see that gp, increases and Gp, decreases as k — oo, thus we may
write

G=Ilim G and = |im .
k—o00 P £ k%oogpk
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Riemann integral vs Lebesgue integral
Proof

Then g < f < G and by the (DCT), we conclude

/[a,b] G(x)dA\(x) = /[a,b] g(x)d\(x) = /ab F(x)dx.

Hence

(G(x) — g(x))dA(x) = O,
[a,b]

so G = g a.e,, and consequently G =g =" a.e..

But G is measurable (as a limit of a sequence of simple functions) and A is
complete, thus f is measurable and

b
/ F(x) dx = / G(x)dA(x) = / F)dAx). O
;F/ [2.6] &,_/

Riemann Lebesgue
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Characterization of Riemann integrability

Theorem

A bounded function f € R([a, b]) iff f is a.e. continuous.

Proof of (=>). Assume that ¥ € R([a, b]). For x € [a, b] define

X) =su inf f(y),
&) 5>By€[a,b]ﬂB(X76) 2
h(x) = inf sup f(

9>0 ye[a,blNB(x,5)

)

where B(x,d) = (x — J,x + §). It is not difficult to see that g < f < h

and f is continuous at x € [a, b] iff g(x) = h(x). Moreover, for any
partition P of [a, b] we have

L(P,g) < L(P,f)

< L(P, h),
U(P,g) < U(P,f) < U(P, h).
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Riemann integral vs Lebesgue integral
Proof

In fact, we have U(P,f) = U(P, h) and L(P,g) = L(P, f), since for any
open interval (¢, d) C [a, b] we have

inf x)= inf f(x), and sup h(x) = sup f(x).
XE(Cvd)g( ) x€(c,d) ) xe(c[,)d) 2 xe(c[,)d) ()

Indeed, for any z € (¢, d) and B(z,4) C (c, d) we have

ot < inf f(x)< inf f(y) <g(2).
xel(nc,d)g(X) = e d) (x) < et s (v) <g(2)

Since z € (c, d) is arbitrary we obtain inf,c(c 4y g(x) = infy(c gy F(X).
Similarly, we show that sup,¢(c 4y h(x) = supye(c.q4) f(x). It follows that
L3(f) = L5(g) < US(g) < U3(F),
L2(f) < L3(h) < UZ(h) = U3(F),

and consequently g, h € R([a, b]), since f € R(]a, b]).
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Riemann integral vs Lebesgue integral
Proof

Since g < h and f[a b](h — g)d)\ = 0 we obtain that g = h a.e., and
consequently g = h = f a.e., thus f is continuous a.e. as we claimed.

Proof of (<=). Assume that f is continuous a.e., and for n € N let P,
be the dissection of [a, b] into 2" equal points. Set

hn(x) = sup f(y), and gn(x)= inf f(y),
y€(c,d) y€(c,d)

where (c, d) is an open interval containing x, whose endpoints are two
consecutive elements from P,, and set h,(x) = gn(x) = f(x) if x € Pp,.

Then we see that (gn)nen and (hp)nen are respectively, increasing and
decreasing sequences of functions, each function constant on each of a
finite family of intervals covering [a, b], and

U(P,,,f)_/[ab]h,,(x)d)\(x), and L(P,,,f)_/ 2n(x)dA(x).

[a,5]
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Riemann integral vs Lebesgue integral
Proof

We also see that

lim gn(x) = lim hy(x) = f(x)

n—o0 n—o0

at any point x € [a, b] at which f is continuous. By the (DCT), we
conclude that

nIi_}ngo/[a’b] gn(x)d)\(x):/ f(x)dA(x) = lim /[a7b] hn(x)dA(x),

[a,b] n—oo

but this means that
L(7) = [ fG0dN) = U(P)
[a,5]

so these are all equal and f is Riemann integrable. O
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